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Recent tests of the mode-coupling theory for glassy dynamics
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Physik-Department, Technische Univesisiiinchen, D-85747 Garching, Germany

Received 2 October 1998

Abstract. An overview is given of recent tests of the mode-coupling theory for the evolution
of structural relaxation in glass-forming liquids. Emphasis is put on comparisons between the
leading-order asymptotic formulae derived for the dynamics near glass transition singularities and
the results of neutron scattering, depolarized light scattering, impulsive stimulated light scattering
and dielectric-loss spectroscopy for conventional liquids. The tests based on photon-correlation
spectroscopy results for the glassy dynamics of colloids and the findings of molecular dynamics
simulations for model systems are also considered.

1. Introduction

The mode-coupling theory for the density-fluctuation dynamics of simple liquids was
developed originally in order to deal with the cage effect. This effect has been known of
for some time as the essential feature distinguishing the dynamics of a liquid from that of
a dense gas. It was discovered that the derived equations of motion, which deal with a
self-consistent treatment of density-fluctuation propagation and current relaxations, lead to a
bifurcation of the long-time limit of the density correlators. This bifurcation provided a model
for an ideal liquid-to-glass transition. The identification of this glass transition singularity
opened up the possibility for an analytic solution of the complicated non-linear equations
by means of asymptotic expansions using the distance from the transition point as a small
parameter. It turned out that the bifurcation is connected with a novel dynamical scenario.
A set of predictions were produced concerning, e.g., fractal decay laws and unconventional
dynamical scaling. The crucial point was the suggestion that the evolution of glassy dynamics
manifests itself in a dynamical window of several-orders-of-magnitude variations of time

t or frequencyw adjacent to the short-time or high-frequency regime, respectively, where
conventional condensed-matter dynamics is observed. Thus the mode-coupling theory for the
evolution of glassy dynamics (MCT) provided motivation for studies of the dynamical regime
indicated.

Neutron spin—echo spectroscopy demonstrated [1] that a molten mixed salt does indeed
exhibit the so-called-relaxation process at temperatures far above the glass transition on the
ns timescale, i.e. on a timescale which is several orders of magnitude smaller than the one for
which it was analysed by the pioneers of glass transition research. It was found in addition
that the scattering cross sections for neutrons [2] and light [3] exhibit within the GHz window
a so-called critical spectrum, i.e. the predicted self-similar spectral enhancement above the
white-noise background. Incoherent and coherent neutron scattering spectroscopy of a van
der Waals liquid detected an anomaly for the so-called non-ergodicity parameters and this was
used to show that the evolution of glassy dynamics is connected with a crossover temperature
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T., which is located about 47 K above the calorimetric glass transition temper&tuned

about 39 K below the melting temperatufg [4,5]. Molecular dynamics simulations [6—8]
corroborated these findings and provided evidence for the factorization of spatial and temporal
correlations for density fluctuations in an intermediate-time window, a property which is not
found for normal-liquid dynamics nor for conventional phase transition phenomena. A number
of polymers were identified whose dielectric-loss spectra could be interpreted with the MCT
scaling laws [9], a finding supporting the predicted universality features. It was discovered
that a slightly polydisperse colloid of hard spheres exhibits an equilibrium transition at some
critical density from an ergodic liquid to a non-ergodic solid [10], thereby demonstrating that
complexity of the system is irrelevant for the existence of a glass transition.

The work described in the preceding paragraph has been reviewed in reference [11], and
therefore this material will not be considered further in the following. During the past seven
years an impressive increase in the amount of research on the evolution of glassy dynamics has
occurred. Neutron scattering studies have been refined and extended to additional systems.
The dynamical window of molecular dynamics studies was extended by more than an order
of magnitude and the data statistics was improved. The window accessible to impulsive
stimulated light scattering spectroscopy was enlarged with the result that the elastic modulus
could be determined for frequencies up to 1 GHz. Studies of colloid dynamics were extended,
so the glass transition for the hard-sphere system is now completely documented as far as
the coherent density-fluctuation dynamics is concerned. A breakthrough was achieved by
the application of the tandem FabngsBt spectrometer. It allows the study of the evolution
of structural relaxation within a four-orders-of-magnitude dynamical window extending from
the Raman band for conventional condensed-matter dynamics down to 0.2 GHz. Similarly, it
became possible very recently to explore by dielectric-loss spectroscopy the window extending
from the far-infrared regime down to the low-frequency regime, which has been studied for a
century. The results of this recent research have also been used to test MCT, and the outcome
of this work will be reviewed in the following.

The essence of the MCT scenario for the evolution of structural relaxation is provided
by asymptotic formulae derived for states near the glass transition singularities. The first
problem for an assessment of MCT is therefore to find out whether or not the general
theoretical results properly reflect the qualitative features of the experiments and the molecular
dynamics simulations. The most objective description of such analyses can be communicated
by quantitative comparisons of the data with the available formulae for the relevant asymptotic
results. Hence | will proceed in this review by first citing some of the theoretical predictions,
then explaining two figures from reports by authors who aimed to test the result under
discussion, and finally I will consider related work obtained by other methods or for other
systems. In reference [11] a summary of the basic MCT results can be found together with a
list of the original publications on this subject, and therefore citations of papers dealing with
theory will be omitted in the following.

2. The glass transition singularity

2.1. The form-factor anomaly

Within MCT the origin of the glassy relaxation is a fold bifurcation of the long-time lifjit

of the normalized density correlatgy (r) = (pq(l‘)*pq)/(|pq|2), g =1ql: ¢4t > 0) = f,.

This limit is zero for the liquid but positive for ideal glass states. It is called the glass form
factor or the non-ergodicity parameter. It behaves discontinuously if a control parameter such
as the packing fractiop or temperaturd” passes some critical valye or T, respectively.
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Thusf, exhibits a singularity as a function of the distalce (¢ —¢.)/¢. ore = (T.—T)/T.
fore = 0. Alimit f;, > 0 is the Debye—-Waller factor of the arrested disordered structure,
since the normalized density-fluctuation spectrum reads

¢, (@) = 7 f,8(w) + regular terms

In reality there are ergodicity-restoring processes for all choices of control parameters. They
are referred to as hopping processes, and they are studied within the extended MCT which
will not be discussed in detail in this article. For> 0 the hopping processes change the
ideal elastic spiker f,6 (w) to a quasi-elastic peak. Fer< 0 even the basic version of MCT
predicts a quasi-elastic peak for the density specifitw), whose width approaches zero in

the limite — 0. The above-mentioned spectral peaks arethpeaks of the MCT. The areas

f4 of these peaks can be considered as effective Debye—Waller factorg, , dnich can be
measured by detecting the low-frequency specigyjtw) or by determining the plateau of the

¢4 (1)-versus-log curve, the prediction in the limit of vanishing hopping processes reads

{hqa/a/(l—)h)+0(1(a) o>0 (la)

0,(0) o <0. (1p)

Hereo = Ce is the separation parametef2l< A < 1is the exponent parametgi; > O is
called the critical form factor, the critical non-ergodicity parameter or the plateau, asdd

is called the critical amplitude. The introduction 6f and 2 in the results is a matter of
convention, done in order to unify equatiorzjlwith formulae to be quoted in section 4.
Equations (1) can be generalized to other normalized correlgtars = (A*(t)A)/(|A|?)
referring to variablest which couple to density fluctuations. One has to replgcandn,
by the A-specific amplitudey’ andh 4 respectively, where & f{ < 1 andh, > 0. Also
the correctionsD 4 (o) and O/, (o) depend on the variablg, i.e. the ranges of validity of the
specified leading-order results, — f§ o /e fore > 0 andf, = f5 fore < 0, depend on
the variable under consideration.

For representative valugghe predicted/e anomaly relates to effects of the order of 10%.
Typical experimental uncertainties render it difficult to identify the effect and to distinguish it
from, e.g., akink in thef4-versus? graph. Because of the change of the ideal spike to a quasi-
elastic peak there is the additional problem of separating the peak from other contributions to
the spectrum. Missing parts may introduce an artificial drop offth@ersus? curve which
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Figure 1. Effective Debye—Waller factorgy of OTP as functions of the temperatifeneasured
for various wave-vectorg® by coherent neutron scattering spectroscopy. The curves indicate fits
to equations (1) leading to a critical temperatiire~ 290 K. Based on figure 6 of reference [15].
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overwhelms the searched-for cusp [12—-14]. Even though the anomaly, equaliore{érs to
aT < T, property, one should therefore analyse éhpeak area also fdf > T, in order to
provide the base-line, equatiorbjlfor the anomaly.

Extensive neutron scattering studies for the van der Waals system orthoterphenyl (OTP,
T, ~ 243 K, T,, = 329 K) identified the square-root anomaly for the coherent and incoherent
scattering cross sections witfh ~ 290 K [5]. Figure 1 reproduces recent results for
obtained with neutron spin—echo and backward-scattering spectrometers [15]. The data relate
to wave-vectors of the order of 174, i.e. they test fluctuations with wavelengths of the order
of the interparticle distances.
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Figure 2. The effective Debye—Waller factor for wave-vecipr= 0 of CKN as a function of

the temperatur@ determined by impulsive stimulated light scattering spectroscopy. The results
for f,—o are calculated from the generalized hydrodynamics formula for the scattering law for
wave-vectorg;. The inset shows results measureddos 0.235m~1; the main part shows the
combined results for all wave-vectogsstudied. The curves are fits to equations (1) yielding a
crossover temperatui® = 378+ 2 K. Reproduced from reference [16].

The elastic modulus can be measured by impulsive stimulated scattering of light, thereby
testing density fluctuations for macroscopic wavelengths. The anomaly for the modulus,
measured by scattering from fluctuations of different wave-veetorsan be converted to
one of f,_o. Figure 2 shows results obtained by this technique for the molten mixed salt
0.4 Ca(NQ)2 0.6 KNO; (CKN, T, ~ 333 K, 7, ~ 483 K) [16]. These measurements
identify the critical temperaturé. = 378+ 2 K. Notice that the anomalous Debye—Waller-
factor drop, documented in figure 2 for the interval betw&er 15 K andT,, is only 13%.

A small anomaly near the cited. has also been detected for an effective mean squared
particle displacement of CKN by means of coherent neutron scattering spectroscopy [17].
The dielectric modulus of CKN exhibits a drop of about 20% consistent with the result of
figure 2 [18].

Forthe van der Waals liquid Sald, ~ 218K,7,, = 315K) the,/e anomaly was detected
by incoherent neutron scattering spectroscopy [19] vielding= 263+ 7 K. This value of
the critical temperature is consistent with the result obtained by impulsive stimulated light
scattering spectroscopy which identifie/aanomaly of about 30% [20]. The same technique
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was used also to identify the cusp anomalyfdsutylbenzene witlT, ~ 150 K [21]. Neutron
scattering spectroscopy identified gp-anomaly for the van der Waals liquid propylene
carbonate (PCI, ~ 160 K, T;, = 218 K) indicatingZ, = 190+ 20 K [22].

Density correlatorg, (t) have been determined for a set of wave-vectors by molecular
dynamics studies for a binary mixture of Lennard-Jones particigBsf [23] and also for a
three-site model for OTP [24]. The structural-relaxation parts have been fitted to the stretched
exponentialf, exp—(t/z,)P in order to determine the effective Debye—Waller fagtpr The
results have been interpreted consistently with equation (1) and allowed the authors to estimate
critical temperature®,. It was checked for the OTP model that the pair correlation functions,
the structure factors, the density and the energy do not show any anomalynéar7,. The
expected typical quenching anomalies were shown to occur at a tempefahaiew 7. [25].
Nevertheless, some reservation concerning the repgyissheeded, since itis unclear whether
theT < T, results in references [23, 24] are representative for properly equilibrated samples.

2.2. The position of the singularity

For some systems the MCT equations have been solved completely, thereby producing
numerical values forfq“, hy, &, C from first principles. The simplest example is the hard-
sphere system (HSS). It can be prepared for experimental studies as a colloidal suspension,
and its density correlatoxgs, (1), in particular the long-time limitgf,, can be determined by
photon-correlation spectroscopy [26]. The predicted critical packing fragffsn = 0.525

is somewhat smaller than the value measured for the transition from an ergodic liquid to a
non-ergodic solidg® = 0.5784 0.004 [27].

Molecular dynamics studies for a carefully equilibrated binary Lennard-Jones mixture
AgoB2o (LIM) have been used for an extensive documentation of glassy dynamics and for
tests of MCT [28-30]. For the states studied the structure is ruled by /thé fepulsive
part of the interaction potential and therefore the relevant control parameter for this system is
I' o ¢/(kpT)Y*. For this system the MCT results for the numbers in equation (1) have been

f.(q), h(q)

Figure 3. The critical Debye—Waller factofy = f.(¢) (open symbols) and critical amplitude

hy = h(g) (dots) as functions of the wave-vectpdetermined for a hard-sphere-colloidal glass
by photon-correlation spectroscopy in comparison with the MCT predictions (curves) for the HSS.
R denotes the particle radius and the main peak of the structure factor is locategrneaB.5
Reproduced from reference [32].
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evaluated in reference [31]. It was found again that MCT overestimates the trend to structural
arrest and the discrepancy between calculated and measured critical couplilsgabout

20%. This error transforms to a large discrepancy for the dimensionless critical temperatures
TMCT = 0.922 versusT,”? = 0.435. It is a notoriously difficult problem to accurately
calculate from first principles a transition temperature for a condensed-matter system, and
MCT calculations do not provide exceptions.

2.3. The glass form factors

The critical Debye—-Waller factof;” and the critical amplitudé, have been measured for the
HSS by analysing the long-time limit, of the density correlators for the above-mentioned
colloid glass. Figure 3 reproduces some results [32]. Notice that there is no fit parameter
involved in the comparison between the data and the MCT predictiofffofhe data analysis
in reference [32] in addition confirms thge decrease of, upon decreasing towardse,.
The critical form factorf¢ can also be deduced from liquid-state data by studyinglaxation
or B-relaxation scaling, as will be discussed below. Both methods have been applied in hard-
sphere-colloid studies [33], corroborating and extending figure 3.

Unfortunately, molecular dynamics studies for the equilibrated statesfwith7,. have
so far not been published. In non-equilibrated states, aging effects lead to a dynamics which
is different from the one studied in MCT, and typical MCT features may be masked [34, 35].
For the cited LIM the symmetric two-by-two matrix of critical Debye—Waller facyfréthe
long-time limits of the normalized coherent scattering functigp&)) and the two critical
Lamb-Mossbauer factorg,“ (the long-time limits of the incoherent scattering functions
¢, (1)) have been determined via equatiob)(from «-process studies of the equilibrated
liquid. Figure 4 shows the findings for gff and anf;< [36] in comparison with the MCT
predictions from reference [31]. | will discuss below in connection with figure 15 how to
determine from simulation data the Fourier back-transformatior) of S,k,. Thereby one
can obtain information equivalent to the knowledge of the critical amplityddt is shown
in reference [31] that MCT accounts reasonably for dhg) data of the LIM.

(s)
c
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AA correlation
A particles
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0.0 4.0 8.0 12.0 16.0 20.0q24.0

Figure 4. The critical form factorf; (circles) and critical form factor for tagged-particle motion

1€ (squares) as functions of the wave-vegjodeduced from fits of the von Schweidler law to
thea-relaxation decay curves obtained by molecular dynamics simulations for a LJM. The broken
lines are guides to the eye connecting the data points. The full curves are MCT results obtained
for this system in reference [31]. The unit of length is chosen such that the structure factor peak is
located near 7.3. The open symbols are results of simulations for a Newtonian dynamics and the
filled ones for a stochastic dynamics. Reproduced from reference [36].
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3. The two time fractals

A7

The stretching o, (r)-versus-log curves over large time windows or of the corresponding
X, (w)-versus-logv curves for the susceptibility spectra over huge frequency intervals is an
outstanding feature of glassy dynamics. The MCT bifurcation dynamics exhibits this feature

and the underlying mathematical essence of it is the appearance of two time fractals, i.e. power

laws specified by non-integer exponents for the variation of the correlajarswith time .
One fractal deals with the decay following the transient towards the plgieand the other
with the decay of the liquid correlators below this plateau.

f(a,7)

[f(gq,7)~f(q)]/h(q)
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Figure 5. Density correlators, (1) = f(g, ) (upper panel) and rescaled correlatégst) =

(9q() — f)/ hq (lower panel) as functions of lgg(z), ¢ = 7, measured by photon-correlation
spectroscopy for a hard-sphere-colloidal glass. The main peak of the structureSfaisttocated
neargR = 3.5, whereR denotes the particle radius. The upper panel exhibits as curves two
exponential decay functions matched to the short-time diffusional asymptote. The full curve in the
lower panel is the leading-order MCT result for theegime/|o|g+(¢/1,); the scaleso| andz,

are fitted and the master functignis the MCT result for the HSS. Reproduced from reference [32].
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3.1. The critical decay law

The long-time decay process of the correlators at the critical point, called critical decay, is
specified by an anomalous exponen® < a < amax = 0.395.. ., called the critical exponent.
Itis determined by the system-dependent exponent paramasethe solution of the equation
I'l—a)?/T(1—2a) =

by (Pt0) — ff = hoi ™"+ 0L (@72, (2a)
Here f; andh, are the critical Debye—Waller factor and the critical amplitude respectively
from equation (&). Furthermore there enters a timescaledetermined by the transient,
andf = t/ty denotes a rescaled time. Correlators for other variatlegich couple to the
densities, such as the dipole moment, obey the same law;fgnly, have to be replaced by
the A-specific amplitudeg;, 4 mentioned above, butandr remain unchanged.

The upper panel of figure 5 [32] reproduces density correlators for the cited hard-sphere-
colloid glass for a packing fraction close to the critical one. Two exponential curves have
been added to match the short-time diffusion-law asymptote. They indicate the normal-liquid
dynamics. The data exhibit a stretched decay towards the long-timefljmit £, for times
outside the transient regime, i.e. o> 10° us. ForgR = 2.77 the anomalous dynamics
relates to the decreasegf(r) from 0.95 to about 0.65, and this decay is stretched over more
than three orders of magnitude of time increase, before the long-time limit is reached within
the error bars at about ¥®s. The decay from 0.95 to 0.85 relates to the crossover from the
transient to structural relaxation. The correlators follow the leading-order critical decay law

bg () = ($g () — £)/ hy ox 1/1

only for a time interval of half a decade before they embark on the crossovesfdi®® us
to the limit f,. So, the data shown demonstrate an anomalous decay process as predicted by
MCT.

The critical law is equivalent to an enhancement of the fluctuation spectrumdeg 1
above a frequency-independent white-noise background according to the powei(damex
1/w'~. This fluctuation spectrum corresponds to a sublinear susceptibility spegtitam o
(wtp)*. Even thoughy”(w) decreases with decreasiag it is enhanced above a regular
susceptibility spectruny”(w) o« w, caused by a white-noise backgroupitiw) = constant.
Figure 6 [37] demonstrates this behaviour for the 361 K dielectric-loss spectrum of the molten
mixed salt 0.4 Ca(N©, 0.6 RbNQ (CRN). The data follow the power law for an exponent
a = 0.20 over a three-decade window. A regular-background spectrum is indicated in the
figure by the dotted line labelled= 1. Forw/2r = v = 1 GHz the measured spectrum is
enhanced by more than a factor of 100 relative to the estimated regular contribution.

There are several reasons for which a demonstration of thef ptstaw is the exception
rather than the rule. To identify the power law, the time zyf has to be chosen so large, or
the frequency so small, that the correction term

0% (17%) = hsi =2 + O(F =) (2b)

can be neglected. Moreover one needs to chodarye because of the requirement that all
transient effects must have disappeared. Not only can oscillations mask the critical law, but
also they can produce crossover spegtfav) oc w?, where the fit exponeni is unrelated

to a. On the other hand, one cannot chooser 1/w arbitrarily large. First there is the
signal-to-noise problem for the measurement of the small differgpee— £, or of the small
intensityx” (w) relative to the large nearlaypeak. Second, far < O there is the crossover to
thew-process for large times or small frequencies as demonstrated for+h881 K results

in figure 6. Similarly, fore > 0 there is the crossover from th¢71 decay to arrest at the
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Figure 6. A double-logarithmic representation of the dielectric-loss speculimf CRN as a
function of frequencyy = w/2x for four temperatures. The dashed straight line shows the
power lawe”(w) « w®, a = 0.20, and the dotted line shows an estimate of a white-noise-
background spectrum’(w) « w*, s = 1. The full curves show th@-relaxation scaling law

€’ « /|o]7—(wty) with scales,/[o| andt, fitted for each temperature. Here the interpolation
formula 3_ (&) « [b&® + ad~"] is used wherex = 0.20 andb = 0.28 are the exponents
corresponding to the exponent parametet 0.91. Reproduced from reference [37].

long-time limit £, as demonstrated in figure 5. The description of these crossovers from the
critical decay to thex-process or to arrest respectively is a major subject of MCT, and the
critical law manifests itself most clearly in this crossover feature. This is demonstrated for
o > 0 by the full curve in the lower panel of figure 5 and by the full curves in figure 6 as will
be discussed in section 4.

3.2. The von Schweidler law

For the correlator decay of the liquid from the plategutowards zero, i.e. for the start of the
a-process, another power law is obtained, called von Schweidler’s law:

b (IT) — ff = —hyi" + 0, (%), (3a)

Herer is the control-parameter-sensitiweprocess timescale and= ¢/t denotes a rescaled
time. The anomalous exponentis also determined by the exponent parameteria
I'(1+b)?/T'(1+2b) = 1,0 < b < 1. The amplitudeg;,, h, are the same as in equations .1
(2a). The correction amplitudéq in the expression

0)(T%) = hyi® +OF¥) (3b)

is related to the corresponding amplitude in equatidﬂ:(fzq = ﬁq +A-h,. HereAisa

g-independent constant. The equations are generalized to other corrélatoras before:
one has to replac§;, Ay, fzq by f5, ha, h 4, respectively, but the scateand von Schweidler’s
exponen® remain unchanged.

Molecular dynamics simulations have been performed recently for a liquid of linear
molecules, where the interaction was modelled by a two-site Lennard-Jones potential. The
intention was to examine structural relaxation for the translational and rotational degrees of
freedom and to test the applicability of the universal MCT results [38—40]. Figure 7 reproduces
results of this work for the centre-of-mass density-fluctuation correlator for a tagged molecule
for various temperatures as a function of the rescaledtimeThe smooth full curve exhibits
a fit to the data of equations (3), usiifg, 4, andfzq as adjustable parameters. The fit with
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Figure 7. Tagged-particle density correlatoﬁg for a wave-vectog at the position of the main
peak of the structure factor as functions of the rescaled timres The data were obtained by
molecular dynamics simulations for a liquid of diatomic molecules for dimensionless temperatures
T = 0.477, 0.489, 0.500, 0.520, 0.549, 0.588, 0.632, 0.70, 5.0 (from left to right). The scale
T = 7, is chosen for eaclil such that the long-time parts of the correlators coincide. The smooth

full curve is a fit to the von Schweidler asymptatg(r) = f¢ — hy(1/7)" + hy(t/T)%, b = 0.54.

The dashed curve is a fit to the stretched exponedtial) = 0.7 exp—(r/7)°"8. Reproduced
from reference [39].
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Figure 8. Density correlatorg, (1) = F(Q, t) for a wave-vectoQ = 18 nm1 near the position

of the structure factor pea® = Qrsppas functions of the rescaled timé obtained by molecular
dynamics simulations for a model of water. Toeelaxation timer is defined byp, (t) = 1/e.

The temperatures are from left to right 207, 210, 215, 225, 238, 258, 285 K. The dashed—dotted
curve is the MCT leading-orde#-relaxation resuly‘; +hyceg—(t/15); the master functiog_ is
evaluated for the exponent parametet 0.79 yielding a von Schweidler expondnt= 0.50, and

1+ hqco, 1o are adjusted such that the data for 207 K are fitted for intermediate times. The inset
is a rectification diagram where von Schweidler’s law appears as the dashed—dotted straight line;
it accounts for the 207 K data, which are shown as the full curve, for a dynamical window larger
than two decades. Reproduced from reference [41].

b = 0.54 describes the decay from 0.75 to 0.25 perfectly. A test of equatignig3nore
suggestive and independent of the fit quanfffy if the correlator is rectified, i.e., if it is
plotted as a function of® [28]. The inset of figure 8 shows such a plot with= 0.50 for

a density correlator obtained by molecular dynamics simulations for a model of water [41].
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This result is one example of a series of findings [41-46] indicating that the slow dynamics
of supercooled water is caused by a glass transition singularify atound—50 °C. The
quoted simulations were done for a rigid-point-charge model for the water molecules. The
model reproduces the major features of the equation of state qualitatively but not quantitatively.
Therefore one has to be cautious when one reaches conclusions on the properties of real water
on the basis of simulation results.

From the analysis of depolarized light scattering spectra of Salol, measured within the
GHz window, a von Schweidler exponeént= 0.64+ 0.08 was determined [47]. This value is
corroborated by the resuit= 0.66 + 0.06 obtained by fits of the von Schweidler law to the
dynamic susceptibility curves(r) = —d¢ (¢)/dr measured for Salol within the ps window in
time-resolved optical Kerr-effect studies [48]. The high-frequengeak wing measured for
the acoustic modulus of glassy LiCl i,B by impulsive stimulated light scattering could be
fitted well over a window larger than three decades by von Schweidler’s law with the value
b = 0.28 [49]. The quoted examples confirm the MCT prediction that the anomalous exponent
b is not universal but system specific.

Von Schweidler’s law is a subtle asymptotic result of MCT and its experimental testing is
complicated by the standard stumbling block: one doespotori know its range of validity.

One must not choose= 7t too small, since for decreasing timegst) increases abovg;

and merges with the critical decay law. Including erroneously such crossover parts into a fit
to equation (3) would lead to an underestimation bfand an overestimation of’. On the

other hand, if is too large, the correction term from equatioh)8kes over. The near at hand

fit criterion ‘the larger the fit interval the better’ has no justification. There is the danger that
parts of the correction term are absorbed in the leadjatrterm by choosing an incorrect fit
exponenb or incorrect fitamplitudeg?, i,. This mightlead to effective exponents depending

on the wave-vector or, more generally, on the probing variableSuppose a whole set of
correlators is available. Then one can use equatians (3) together and optimize the fit for

all correlators simultaneously by varyirg andﬁq, but constraining to a common number

for all fit functions. The efficiency of this procedure, using density and tagged-particle-density
correlators for a large set of wave-vectgrsvas demonstrated for the analysis of the simulation
results for water [44, 45]. The value= 0.50, which was cited in connection with figure 8,
resulted from such extensive data analysis. Similarly, it was shown that the correlators for
translational as well as rotational variables for the model liquid of linear molecules could be
interpreted with a common value= 0.54 + 0.05, i.e.A» = 0.76 & 0.03. The exception to

this demonstration of von Schweidler’s law are all correlators dealing with rotation variables
referring to the angular momentum indéx= 1 [39, 40]. It seems that the molecule’s dipole
dynamics for the specified model is coupled so weakly to that of the density fluctuations that
the asymptotic laws are not valid for the valuefot- T, studied.

4. Dynamics within the first-scaling-law regime

4.1. B-relaxation scaling

The dynamics in a window wheé, (1) = ¢, (1) — Iy is small is referred to g8-relaxation
and there one finds

3¢g(t) =h,G(@) + Oy(|o], \/HG(t), G(1)?).

The result can be generalized to correlators for other variablas discussed above, where
A-specific amplitudeg§ andh 4 enter. Thus the leading-order result reads

Pa(t) — f4 =haG(). (4a)
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Figure 9. Double-logarithmic plots of the susceptibility spectrd ) as functions of the frequency
/27 measured by depolarized light scattering for CKN. The top panel shows the results for the
temperatures (from top to bottom) 195, 180, 170, 160, 150, 140, 130, 120, anc€1Tée full
curves are the approximations to the master spegct@) oc [b&* + a®~"] translated such that

the spectra are matched near the minimum. The anomalous expanent27 ands = 0.46

correspond to the exponent parametet 0.81. The bottom panel exhibits the spectra translated

such that the minimum positiomsmin and minimum intensitieg’; | coincide. The full curves are

the master spectra far= 0.86, 0.81, and 04. Reproduced from reference [50].

This formula is called the factorization theorem. It is equivalent to the formula for the
susceptibility spectrum

x4 (@) = hax" (). (4b)

Here x"(w) = oG"(w) with G’ (w) denoting the Fourier-cosine transform 6{r). The
function G, called theg-correlator, depends anfty ando, where the timescalg is the one
from equations (2), ane is the separation parameter from equations (1). The power law
G(t) = (to/1)“ holds foro = 0, so equation (@) is reproduced, and fer # 0 one gets

G(t) = cogs(t/ty) 0 =0. (5a)
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This is equivalent to the corresponding scaling law for the susceptibility specilita) =
I'(1— a)sin(ra/2)(wty)* foroc =0 and

X" (@) = ¢ x+(0ty) 020 (5b)

A Ap

with %4+(®) = ®g’(®) and g’/ (®) denoting the Fourier-cosine transform gf (7). The
control-parameter-independent master functipn@ ) andx.. (&) are determined solely by the
exponent parameter. The sensitive dependenceg@f(r) on control parameters is described
by the two scales, andr,, whoses-dependence will be discussed below.

The B-relaxation scaling is tested most conveniently by studyingt@)-versus-logo
plots. According to equations &% (5b) the spectral shape is given by the pg(®)-versus-
log® graph, and spectra for different control parameters are related by mere translations of
this curve. Figure 9 demonstrates this law for depolarized light scattering spectra measured for
CKNforT > T,;the data combine Raman spectrometer and tandem Famgtdpectrometer
results. To obtain relaxation spectra which are not disturbed by hydrodynamic shear excitations
the measurements were done for backward scattering. This experiment was the first which
displayed the evolution of structural-relaxation spectra within the GHz window upon cooling
a glass-forming liquid [50]. The top panel shows also the- 0.81 master functiory_,
translated for eacl” such that it interpolates the spectral minima. The figure demonstrates
that the theoreticaf_ accounts for the 120C data within a window of nearly three orders
of magnitude. The fits start to be valid for frequencies just below the microscopic-excitation
band due to oscillations which extends down to about 0.4 THz. The bottom panel shows that
a translation of the spectra onto the master curve. fer0.81 is possible within a window of
rescaled frequencies/wmin Which is larger for smallefT — T,|. Other values fok differing
by up to+0.05 could be tolerated for an alternative fit. The interpretation of the light scattering
spectra was corroborated by the one given for the dielectric function [37]. The loss spectra
of CKN exhibit a minimum forT < 144°C. The real and imaginary parts of the dielectric
function for frequencies below 315 GHz were described by the scaling law and fitted with the
master functions fax = 0.76. ForT = 106°C the fit describes the spectrum for a four-decade
frequency window.

Figure 10 shows a test of the scaling law in the time domain. The data refer to density
correlators measured with photon-correlation spectroscopy for various packing fractans
colloidal suspensions of polysterene-micronetwork spheres [51]. The full curves exhibit the
formulae (4), (5a) for f4 = 0.89, A, = 0.88. For eaclp the two scales, i, andz,, were fitted.
These fits of the scales account for the observed strong variation of the dynamics, reflected by
an increase of the time, whereg, () = 0.5, of over more than four orders of magnitude.
The master functiog_ (7 ) describes the decay of the correlator between 0.95 and 0.50, which
for sample E extends over the huge time window of about seven orders of magnitude.

The most extensive test of thgscaling predictions was carried out in the work on
hard-sphere colloids [27, 32, 33]. For seven representative wave-vectibrs functions
qAbq(t) = (¢q(t) — f;)/ hy Were shown to be given by, g..(1/1,) for ¢ > ¢, andg < ¢,
respectively within the appropriate window, and for master functignseferring to the value
A = 0.77 predicted for the HSS from first-principles calculations. The evaluation ohthis
is based on the Verlet—Weiss approximation for the structure factor. It was checked that the
largest change of, which might be tolerated for an alternative data analysig;d€95 [33].

The lower panel of figure 5 reproduces an example of this work. The full curve exhibits the
scaling-law result, g.(¢/t,) for fitted values for the scales, t,. It describes the data for
¢3,, (¢) of the glass for a time interval of 2.5 decadesrfor 10° us.

The evolution of the enhanced susceptibility minimum on cooling was measured also for

Salol by depolarized light scattering spectroscopy. A description by tfetaxation scaling
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Figure 10. Density correlatorg, (t) = f(Q, t) measured as functions of time= t by photon-
correlation spectroscopy for five packing fractigndor a colloidal suspension of polysterene-
micronetwork spheres. The full curves are the scaling-law reguly = f§ +hecog-(t/ts) with

f4 = 0.89, amaster functiop_ (7 ) calculated for the exponent parametee 0.88, and the two
scalesh,c,, 1, fitted for each packing fraction. The dotted curve shows the transient dynamics
exp—(t/tmic) With rmic matched to the short-time asymptote. Reproduced from reference [51].

law was shown to be possible for frequencies below 0.1 THz and it led to the determination
of the exponent parameter= 0.70 & 0.05, implying the anomalous exponents= 0.33

andb = 0.64 [47]. The spectral minimum of Salol was observed also by inelastic neutron
scattering [52]. For temperatures néarthe minimum frequencyonmin was close to that
reported for the light scattering data. Fbr— 7. > 20 K the minima became different,
indicating that the corrections to the leading-order result, equatioy &be different for the

two probing variableg studied in the two cited experiments. The existence of the anomalous
minimum between the-peak and the far-infrared excitation band of Salol was shown for
T = 293 K by dielectric-loss spectroscopy [53], but the frequency window studied was too
small to allow for a quantitative analysis of the data.

Another van der Waals liquid, for which the depolarized light scattering spectra could be
described by thg-scaling law for a frequency window of up to three orders of magnitude,
is PC; 2 = 0.78 & 0.05 was found [54]. This result was corroborated by dielectric-
loss spectroscopy [55]. A transient hole-burning experiment was performed to measure a
normalized decay curvg, (1), which describes the structural relaxation of the environment
of an excited dye molecule soluted in PC. The formula€),(454) describe the data for a
time window larger than two orders of magnitude, where the master fungtigh was used
for the same. = 0.78 [56]. In this work a scaling-law analysis is also demonstrated for
n-butylbenzene as solvent where= 0.86 was identified.

Raman-scattering spectra for m-tricresyl phosphate also exhibited a susceptibility
minimum which is enhanced above an estimated white-noise background. It can be described
for the large temperature variation range of 95 K by the scaling-law expression, equéjion (5
with a master functiory_ for A = 0.65[57]. It would be desirable to corroborate these results
by the analysis of spectra extending to lower frequencies.

The depolarized light scattering spectra of tolu€fie~ 118 K, T,, = 178 K), measured
with a tandem Fabry-&ot spectrometer for frequencies between 1 and 200 GHz and for
temperatures between 142 and 179 K, could be described well by the scaling law using a
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master function fok. = 0.73+ 0.03. The same description was possible for spectra obtained
by incoherent neutron scattering for frequencies above 35 GHz [58].

The high-frequency wing of the susceptibility minimum can be analysed by asymptotic
MCT formulae only for such low frequencies that conventional condensed-matter vibrational
spectra can be neglected. It was demonstrated that by application of up to 7.6 kbar pressure to
isopropylbenzenél, ~ 125K, T,, = 177 K) the spectral contributions due to oscillations are
shifted to frequencies above 2 THz. Therefore a dynamical window of more than three orders
of magnitude could be used for the scaling-law analysis of the spectral minimum which was
measured by depolarized light scattering spectroscopy. The exponent parameéded0 was
determined and the timescalecould be identified, where now the pressure was used as the
control parameter [59]. Unfortunately, the spectra could not be calibrated, so thé: gcale
could not be determined.

Inelastic neutron scattering spectroscopy yields the convolution of the fluctuation spectrum
¢, (w) with the instrument’s resolution function. The latter can be eliminated in principle by
Fourier deconvolution and thereby one obtagpsé:). By combining of results from two or
three spectrometers, structural-relaxation results for OTP could be obtained by incoherent [60]
and coherent [15] scattering for wave-vectgiisetween 0.8 A and 2.0 AX. The data obey
the scaling lawps — f{ = hac,g-(t/1,) for a dynamical window larger than two orders of
magnitude [15, 60, 61] for the common exponent paranmete0.77. It is difficult to estimate
the uncertainty of, but+0.05 is perhaps not too pessimistic.gAscaling analysis consistent
with the cited results has also been carried out using a pressure shift between 0.1 and 120 MPa
as control parameter [62]. Comparing the changes, ¢f) due to variations with temperature
and with pressure, it was found that the relevant control parameter is the qurantity/ 7%/4.

One would expect such a result if the glassy dynamics was governed by the structure in a
regime, which is dominated by g 4% repulsive potential. A comprehensive MCT analysis

of depolarized light scattering spectra, measured for the frequency window between 0.2 GHz
and 3 THz, has also been done for OTP [63]. The microscopic-excitation band due to the
transient dynamics extends down to about 0.2 THz for this system girkéaxation scaling
analysis works well with. = 0.72 for temperatures between 340 K and 300 K and it describes
the 300 K spectrum around the susceptibility minimum for a window of 2.5 decades. The
above-mentioned computer experiments for an OTP model [24, 25] detected the crossover
from the a-relaxation process to the critical decay. This crossover could be described by
equation (4) for an incoherent density-fluctuation correlator and reorientational correlators
for angular momentum indek = 1 and¢ = 2. Since thes-relaxation window identified is
rather small and since the data exhibit a considerable noise, there has to be some reservation
concerning the exponent parameter used; 0.56, which is considerably smaller than the

one found for OTP in laboratory experiments [64].

The above-mentioned scaling laws are asymptotic results for the dynamics near the critical
point. This implies in particular that the interval for logr logw, where the law is valid, has
to grow monotonically ifo| decreases. Figures 9 and 10 show examples of this phenomenon
for decreasingl’ and increasing respectively. A demonstration of this manifestation of
asymptotics is a crucial step in every analysis of the scaling-law predictions.

4.2. Theg-relaxation scales

According to equation (3 the intensityy,,,, and positiorwmi, of the susceptibility spectrum
minimum are proportional ta, and ¥ ¢, respectively. But signal-versus-noise problems make
it difficult to read these numbers off directly from the data plots, as is obvious from figure 9.

For the same reason it is difficult to deduce the scales directlygr@mversus-log diagrams.
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This could be done in principle by using the equations

(bq(t—):ch - Xl ch_¢q(2t—)0(ca~
It is more straightforward to obtain the scales as a by-product of the scaling-law verification.
For example, the vertical and horizontal translations studied in the double-logarithmic plots
in figure 9, needed to bring the master spectrum onto the data (top panel) or the data onto
the master spectrum (bottom panel), aredo@nd logr, respectively, up to some additive
o-independent constant. For the scales, power laws are predicted. The amplitude scale is the
elementary square root, characterizing a fold bifurcation:

e =+lol. (6)

The timescale, called the first critical timescale frelaxation scale, is specified by an
anomalous exponent/2a larger than 1.27:

ty = to/lo|¥%. @
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Figure 11. Squares of the spectral intensity of the susceptibility at the mininuﬁ;n],, versus

the temperature, whergni, is obtained from the scaling-law analysis of the CKN depolarized
light scattering data shown in figure 9. The line is a linear interpolation of the data points and its
intersection with the abscissa yields the estimate of the crossover temp@&tatuk05°C. Based

on figure 7 of reference [50].

The /[e] law for the amplitude scale is verified in figure 11 [50] for the light scattering
spectra of CKN discussed in figure 9 by showing that thg,,)>-versus? diagram is a
straight line:c2 « |o| oc (T — T.). This finding is corroborated by the results obtained by
the analysis of dielectric-loss spectra of CKN, as shown by the top panel of figure 12 [37].
The intersections of the straight lines shown with the abscissa yield two estimaiesah
the high-temperature side of this crossover temperature. The values are consistent with the
one obtained from the low-temperature side by studying the Debye—Waller-factor anomaly,
discussed above in connection with figure 2. Let us note ghat — oo) = 1//1— 2,
so equations @), (5a) yield ¢4 (1) — f5 = hac,/~/1— A for o > 0. Therefore, the/o
expression in equation 4} is an implication of equation (6) fdf < T..

The increase of the timescatg = 1/wmin by nearly two orders of magnitude upon
cooling, deduced in reference [50] from the scaling-law analysis of the CKN light scattering
spectra in figure 9, is demonstrated by the squares in figure 13. The data are compatible with
the predicted power law, equation (7), which is shown as a full curve. It is more informative
to present the data as a rectification diagram, i.e. aﬁ(ﬂﬂ‘lz"-versusT plot. The validity
of equation (7) is equivalent to the observation that the data can be interpolated linearly. In
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Figure 12. The temperature dependence&r’qi?[j, v%"in, andv,%/a{;( determined for the molten salts
CKNand CRN. Here//;, andvmin denote the height and frequency of the minimum of the dielectric-

loss spectra, anghax is thea-peak frequency. The exponentandy are the ones obtained from

the exponent parametexs= 0.76 (CKN:a = 0.30,y = 2.6) andiz = 0.91 (CRN:a = 0.20,

y = 4.3) used for the master functions for the scaling-law analysis of the spectral minima. The
straight lines are linear interpolations of the data, and their intersection with the abscissa occurs
for CKN near 375 K and for CRN between 360 K and 375 K. Reproduced from reference [37].
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Figure 13. The temperature dependences of the scaling titp’eand 7}, for the B-relaxation
minimum and thex-peak maximum respectively of the depolarized light scattering spectra
measured for CKN. The scahg = 1/wmin Was obtained by the scaling-law analysis discussed

in connection with figure 9. The scat¢ « t was obtained by verifying the second scaling law
of MCT, equation (8). The full curves show the MCT power lawg oc 7, oc [T — |-/,

7, x v « |T —T.|77, with 1/2a = 1.8 andy = 2.9, obtained from the exponent parameter
A = 0.81. Based on figure 16 of reference [50].

addition one gets from the intersection of the straight-line interpolation with the abscissa a
value for the crossover temperatfg which thereby was found [50] to be consistent with
the other measurements mentioned above. The middle panel of figure 12 corroborates the
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findings, but now for dielectric-loss data for CKN [37]. Figure 12 also exhibits an analysis
of the scales for the dielectric-loss spectra of CRN, based on the scaling-law fit shown in
figure 6. Obviously, the results for CRN are less convincing than those reported for CKN in
reference [37]. Itis also puzzling that the two systems CKN and CRN, which are chemically
so similar, should have such different exponent parameters as 0.76 and 0.91, respectively.
The scales deduced from the scaling-law analysis of depolarized light scattering spectra
of Salol followed the pattern discussed above and provided two determinations of the critical
temperaturel, = 256+ 5 K [47], a value consistent with the results of neutron scattering
studies of the susceptibility minimum [52]. These determination%.dfom the7 > T,
side led to somewhat smaller values than the determination fronT the T, side via a
test of equation (d) by neutron scattering7, ~ 260 K) [19] and impulsive stimulated
light scattering(7, = 266 K) [20] experiments. Scaling-law analysis of theelaxation
of PC studied by light scattering [54], transient hole-burning [56], and dielectric-loss [55]
spectroscopy confirmed the validity of equations (6), (7) and provided a consistent estimate
T. ~ 180 K. The scales, which could be deduced from the above-cited studies of m-tricresyl
phosphate [57] and isopropylbenzene [59] followed the MCT predictions. The same holds
for the results found for the-butylbenzene analysis [56], which provided an estimat&.of
which is about 10 K above the value derived from the Debye—Waller-factor anomaly [21]. The
comprehensive tests of MCT by the analysis of depolarized light scattering spectra of OTP
supported the predictions for the scalgsz, for T > T, and led toT, ~ 290 K [63]. This
value is consistent with the above-mentioned analysis of the glass form-factor anomalies by
incoherent [4, 5] and coherent [5, 15] neutron scattering spectroscopy. The successful test of
the B-relaxation scaling for incoherent [60, 61] and coherent [15] neutron scattering of OTP
led to scales,, andz, confirming equations (6), (7) and the citéd The scaling-law analysis
of the toluene spectra confirmed the predictions for the power-law variations of the scales and
provided the estimate of the critical temperatifife= 143+ 3 K [58].
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Figure 14. The scaling times, = t (open squares) obtained from the scaling-law analysis of
thea-process andg = ¢, (filled symbols) obtained from the-relaxation scaling analysis for the
density correlators measured by dynamic light scattering spectroscopy for colloidal suspensions
of hard spheres as functions of the separation pararseter C(¢ — ¢.)/¢.. The full curves
exhibit the first critical timescale, = 1o/|0 Y%, 1/2a = 1.7, and the dashed curve shows the
second critical imescale = (oBY? /|07, y = 2.6, b = 0.53, B = 1.01, of the HSS. The open
triangles denote the timescatgefrom the transient dynamics used in the fits. Reproduced from
reference [33].
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Theg-scaling analysis for the hard-sphere-colloidal liguid< 0) and the glaséo > 0)
leads to scales confirming the MCT formulae [27, 32, 33]. This is demonstrated in figure 14
for the timescales by the comparison of the measured scaling times (full symbols) with the
predicted result, equation (7) withY2a = 1.7. Notice that MCT relates the master function
g+(f) with g_(¢) in equation (2). This was accounted for in the scaling-law analysis. The
fact that the data points in figure 14 indicate a symmetry of the cusp of thevérsuse
curve without adjusting the constants of proportionality provides support for the MCT relation
between the slow bifurcation dynamics of the liquid and that of the glass.

The analysis of th@-relaxation of the colloidal suspension of polysterene-micronetwork
spheres, discussed above in connection with figure 1 fery., is summarized in reference
[65]; it shows full agreement with the MCT predictions. However, o> ¢. MCT can
account for the data only for a time window of less than two decades, because in this material
there appears a new relaxation process of unknown origin for long times [66].

4.3. The factorization property

The factorization ofp4(r) — f§ into a time-and-control-parameter-independgrspecific
amplitudeh, and a functionG(¢) of time ¢ and separation parameter which is shared by

all probing variablesA, equation (4), has surprising implications. If applied to the particle
densityn (7, t) as a function of the position vect®@r it reads¢ (r, 1) — F(r) = H(r)G(1).

Here F(r), H(r) are the Fourier back-transformations fo‘ and S, hy respectlvely and
¢(r,t) = (n(ry, t1)n(rot2)) denotes the correlation funct|on for densities;= 71 — 7o,

t =t —tp, r = |F|. FortheB-relaxation window it is therefore predicted that the variations
of the densities in space are uncorrelated with those in time. A practical way to test this
statement [8] is based on the rewriting of equatian) @s

Ap(r,t) =¢(r.t) —¢(r,t) = HN[G(®) — G({)].

Herer’ is some time at the end of tiferelaxation window. The resultto be checkedis equivalent

to the property that\o (r, 1)/ AP (', t) = H(r)/H (') is time independent. The property has
been verified for several correlators, obtained in the simulation work for a LIM [29], and
figure 15 reproduces an example. The cited tests for the factorization hold for an intermediate-
time window, which is larger than 2.5 orders of magnitude. Lest the result found be considered
trivial, it should also be pointed out that it was demonstrated explicitly in reference [29] that
the factorization holds neither for the short-time transient nor for the long-time part of the
a-process.

The factorization of the wave-vector dependence and the time dependence of the function
¢4(t) — f;, measured for the hard-sphere colloid within theelaxation window, was
demonstrated for a representative set of wave-vegt@und the position of the structure
factor peak in references [27, 32, 33]. The lower panel of figure 5 exhibits an example for the
glass state. The factorization holds for the 2.5-decade windewt0° s. It does not hold for
shorter times relating to transient dynamics and to the crossover to structural relaxation. Indeed,
the initial part of the correlators is given by the law for diffusipr) = exp[-D(q)g?¢], and
thisis a paradigm for hydrodynamically correlated propagation of density fluctuations in space
and time. The initial part of the-process, described by von Schweidler’s law, also exhibits
the factorization property; however, the final parts of the liquid correlators do not [33].

The verification that the intermediate-scattering functions of OTP for incoherent [60] and
coherent [15] neutron scattering in the appropriate regigpée) — f/| < 1 can be written

asg, (1) — f; = hyG(t) with a common scaling functiogL (7 ) according to equations ¢,
(5a), and this for a representative set of wave-vectors between0.8dd 2 A1, is a further
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Figure 15. The ratiosA¢(r,1)/A¢ (', t') of the tagged-particle-density correlation function
differencesA¢ (r, t) = ¢(r,t) — ¢(r, t') as functions of the distaneeobtained from molecular
dynamics simulations for a LIM. The unit of length is chosen such that the peak of the pair
correlation functiong(r) is located near 1. The tim¢ is chosen at the end of therelaxation
window. The timeg are spaced evenly on a logarithmic axis covering 2.8 decades. Validity of the
factorization theoremp (r, 1) = F(r) + H(r)G(¢) is equivalent to a coalescence of the ratios to the
time-independent functiol (r)/ H (r’). Reproduced from reference [29].
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Figure 16. A double-logarithmic representation of susceptibility spem,’)‘&u)/h,, of toluene as
functions of the frequency = w/2r for temperature§’” = 143, 159, 169, 191, 239 K (from
bottom to top). The symbols show results obtained by incoherent neutron scattering spectroscopy
for wave-vectorg between 0.5 A% and 1.8 A1. The curves are spectra obtained by depolarized
light scattering. Reproduced from reference [58].

demonstration of the factorization property. The studies of glassy toluene [58] provided an
explicit verification of equation (¢ which is shown in figure 16. The neutron scattering
spectra in thes-relaxation window could be described for five wave-vectors between 015 A
and 1.8 A1 by equation (), and in addition the same specjré(w) accounted for the light
scattering data. It should be added that the low-frequency parts afphecesses, which are

not reproduced in figure 16, do not exhibit the factorization property [58].

Another test of the factorization was carried out by comparing the light scattering spectra

for CKN [50] with neutron spin—echo measurements of the density correlators [67]. It was
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shown that the neutron scattering data could be described withif-tieéaxation window

by equation (4). Here a constanf, and a smoothly driftingi, were chosen as the only

fit parameters;G () was theg-correlator obtained by back-transforming the susceptibility
spectrumy” (w) from the fit of light scattering data [50]. The fit was done within the extended
MCT, which accounts also for the influence of thermally activated jump processes on the
B-relaxation dynamics [68]. The interpretation of the neutron scattering data could be done
even with a temperature-independent amplitidef the contribution of thex-process was
considered [69]. Unfortunately, the window accessible for the spin—echo spectrometer and the
accuracy of the data are not sufficient to enable one to use the cited neutron scattering results
as proof of the correctness of MCT, as was emphasized in reference [70]. Nevertheless it is
support for the theory that a quantitative interpretation of a strongly temperature-dependent
set of correlation functions for the stretched dynamics of CKN [67] can be given by choosing
only two temperature-independent amplituggsh 4 as fit parameters.

5. Dynamics within the second-scaling-law regime

5.1. a-relaxation scaling

The dynamics withinthe window, where the liquid correlators decay fromthe pl#feauzero,
is referred to as-relaxation. One gets the asymptotic expansippiit) = qu () + 0;(0),
where thea-relaxation scaler is hormalized according to equationa3 éq(f —- 0 =
f{ — hqi” + O@?®). The result can be generalized to correlators of other variabtesgive,
to leading order,

$a(t) = Pa(t/7). (8a)
This is equivalent to the formula for the susceptibility
xa(@) = Xa (7). (8b)

The master functiong, (7 ) andj 4 (&) are given by the structure at the critical point. They are
independent of the separation parametefThe strong control-parameter dependence of the
a-process is entirely due to that of its scale@eferred to as the second critical scalecescale.
The scaling laws (8) have often been observed in classical research on structure relaxation,
where they are referred to as time—temperature superposition principles.

The a-relaxation master functions depend on the probing variabland therefore
no generally valid expression can be given. Generically, the master correlators decay
exponentially for very large rescaled or reduced timeg, (i — oo) = O(exp(—Ia1)).
This implies a regular small-frequency susceptibility spectitifto — 0) = O(w). For
small rescaled times the von Schweidler expansion, equations (3), holds:

$af — 0) = f — hal” +hsi? +.-.

This is equivalent to a fractal high-frequeneypeak taily; (@ — oo) oc 1/@" + O(1/&?).

In the limit of large wave-vectorsy — oo, the master functions approach Kohlrausch’s
law, ¢ (f) = fx exp(—yktP¥), where the stretching exponesy equals the von Schweidler
exponentb: éq(f) ~ fy exp(—y,i?) [71]. Therefore it is a plausible assumption, which

is supported by representative numerical solutions of MCT equations, that the Kohlrausch
function is areasonable fit to the major part of the master fungtign). However, the probing-
variable-dependent Kohlrausch exponggt as opposed to the von Schweidler exporignt
does not have a precise meaning. It is merely a convenient number quantifyingltduay
stretching. If the density correlators are fitted to Kohlrausch’s law, the expgpeaties with
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Figure 17. Density correlatorgp, (1) = f(q, t/7,) for various packing fractiong measured

by photon-correlation spectroscopy for a hard-sphere-colloidal suspension as functions of the
logarithm of the rescaled timegt, = 7 = t/7,. The rescaling time, is fitted for eachy

such that the correlators are superimposed for long times. The full curves show the MCT master
functions:{s,,(f) of thea-process for the HSS. The peak of the structure fagjds located near

gR = 3.5. Reproduced from reference [72].

wave-vector. In the large-wave-vector limit one géjs— b. This prediction found support
in molecular dynamics simulation results obtained for water [45].

It was shown for a set of wave-vectors that the measured correlators for the hard-sphere
colloids obey the scaling law 8. The predicted master functiorzfs,, which exhibit a
considerable;-dependence, account for the shape of the measured decay curves within a
time window larger than two orders of magnitude [27]. Figure 17 [72] illustrates this finding.
The decay curves, measured for the colloid of polysterene-micronetwork spheres, mentioned
above in connection with figure 10, demonstratecaling for the long-time decay for a three-
decade window [66]. Also the correlators for translational and rotational motion obtained for
the simulations of a liquid of linear molecules obeyd#hscaling law—again with the exception
of the ones dealing with angular momentum index 1—and figure 7 exhibits an example.

The superposition principle has been confirmed for simulations done for the LIM [28—-30] and
for water [41,43—-45]. An example relating to the latter results is shown as figure 8.

The left-hand panel of figure 18 reproduces susceptibility spectra measured by depolarized

light scattering spectroscopy for OTP [63]. Tdag@eak has been detected within the accessible
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dynamical window for temperatures above 320 K. Optimal fits obtheeak with Kohlrausch
susceptibilities are shown by the full curves. The Kohlrausch expomgnfsund decrease
somewhat with increasing but they are constant within the experimental uncertainties for
T > 360 K. Uncertainties of thgx are caused by the ambiguity concerning the decision as
to which part of the peak should be used for the fit. If one erroneously includes a part of
the 8-process in thex-peak, for example, one gets a Kohlrausch exponent which decreases
with increasingT. Indeed, the right-hand panel exhibits the validity of the superposition
principle and the possibility of describing the upper half of the peak by a Kohlrausch function
with a temperature-independesi = 0.78. This exponent differs from the von Schweidler
exponent ~ 0.6, determined in reference [63] from tlferelaxation master curve. The
scaling for OTP density correlators, determined by coherent neutron scattering spectroscopy,
is demonstrated in figure 19 [73]. A description of the master functions by Kohlrausch laws is
shown by the curves. The exponefijs= 0.64+0.03forg = 1.45A-1andgx = 0.56+0.03
for ¢ = 1.20 A1 are different for different;, and both differ from the stretching exponent
identified for the light scattering data shown in figure 18. The fact that the long-time decay
is more stretched faf = 1.20 A~ than forg = 1.45 A~ is obvious from the data without
fitting or rescaling analysis, as was shown in reference [73] by plotting the two measured decay
curves for the two cited wave-vectors in one diagram.

The scaling law is derived as an asymptotic-limit resultdéor> 0—. Thus, the window
of rescaled times = /7, whereg, (7 ) agrees withp, (7 ), has to expand towards shorfef
T decreases towards the critical temperafrer if ¢ increases towards the critical packing
fraction ¢.. Similarly, the window for rescaled frequenci@s= wt, where equation (8
holds for the data, has to expand to highiefor o — 0—. Verification of this manifestation
of the asymptotics is an essential step in every test of the MCT results (8). Figures 17, 18,
and 19 show examples of this phenomenon. The violations of the scaling shown for short
in figures 17 and 19 and for high in figure 18 are caused by the crossover from the initial
von Schweidler part of the-process to the critical decay. This deviation is described by the
B-relaxation results of MCT, as was demonstrated explicitly for the hard-sphere colloid in
reference [27], for the micronetwork-sphere colloid in reference [66], for the OTP spectra in
reference [63], and for the OTP neutron scattering functions in reference [15].

Let us assume—for the sake of simplicity—that tlgrocess can be described by
a Kohlrausch functionp(f)/¢(f = 0) = exp(—yxP*). Validity of the scaling law
means that the stretching exponeht is temperature independent. The MCT prediction
of asymptotic scaling means that fér > T, the exponeniBx varies smoothly withT':
Bk(T) = Bo+ (T — T.) +---. So up to which values of — 7. can one expect to find
Bk (T) ~ Bp < 1? All numerical solutions of MCT equations published so far show that
the a-peak moves to higher frequencies with increagkjgwithout serious variation of the
stretching exponent until the peak merges with the band of microscopic excitations. Indeed,
the a-processes of all systems, which could be measured for temperatures above the critical
one, evolve in agreement with the scaling law (8), i.e. with a nearly temperature-independent
stretching exponergk. This holds in particular for the-peaks of CKN measured by light
scattering [50] and by dielectric-loss spectroscopy [18] for temperatures TipH®0 K, of
glycerol measured by light scattering spectroscopy up to 70 K above the melting temperature
T,. [74] and by dielectric-loss spectroscopy up to 30 K abfy§75], and for PC measured by
light scattering spectroscopy [54] up Ty + 130 K and by dielectric-loss spectroscopy [55]
up to7,, + 30 K. Dielectric-loss spectra for frequencies below 1 GHz often exhihit-peak
stretching which increases with decreasing temperature, and with a reasonable accuracy this
stretching can be parametrized by a Kohlrausch expg#hf which increases with heating.
Extrapolating this trend it has been concluded occasionallyal&iy approaches unity for
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Figure 18. A double-logarithmic representation of the susceptibility spegtta») of OTP as
functions of the frequency = w/27 measured by depolarized light scattering spectroscopy. The
data in the panel on this page refer to the temperatfires 320, 330, 340, 350, 360, 370, 380,

395, 415, 435 K (from left to right). The full curves are fits with Kohlrausch functions where the
stretching exponerty decreases from about0.87 fbr= 320 K to about0.75 fof = 360 Kand it

is 0.76+0.02 for larger temperatures. The panel on the facing page shows the spectra as functions of
therescaled frequengy fmax, Wherefmaxis the position of the susceptibility maximum determined

by the fitsin the panel on this page. The smooth curves with Ighels 0.78 and 1.0 are Kohlrausch
spectra with the corresponding exponegits Reproduced from reference [63].

T near the melting temperatuf®,. These experimental results are not in contradiction to
MCT, since the above-mentioned spectra relate to relaxation bElpwhile the«-scaling
law was derived within MCT foIT > T.. However, the extrapolations ¢f(7T) to unity
for T > T, i.e. extrapolations to temperatures where ¢éhpeak occurs in the GHz band,
have been shown to be incorrect in those cases for which the dielectric-loss spectra have been
measured [18, 55, 75].

For very high temperatures above soffig structural-relaxation anomalies should be
absent; relaxation should be a stochastic process characterizéd(by> 7*) ~ 1. In
this sense8x has to eventually increase to unity upon heating. This approagh of> 1
is demonstrated for the simulation data of a LIM in reference [28] and for the results of a
molecular liquid in reference [39]. In both casE$ > 2T.. ThusT* is so large that it is not
relevant for structural-relaxation research.

5.2. The second critical timescale

The control-parameter-sensitive timescale which enters von Schweidler's laws, equ-
ations (&), (3b), and the scaling laws, equation&}8(8b), is not identical with the first critical
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Figure 18. (Continued)

scalet,, contained in equation (7). The ideal MCT again yields a power-law divergence but
the corresponding exponeptis larger than the exponent @a) enteringt, :

v =B Yn/lol  y=[1/(2a)+1/@2b)]. 9)

The scaley is the same as in equationsif2(7) andB is a number of order unity given by.
Formula (9) is an asymptotic result. It becomes invaligifoc (T — T,)/ T, «x (@ — @)/,

is too large since in this case the state is too far from the glass transition singularity. But
it becomes invalid also ifo| is too small, since hopping effects, which are ignored in the
ideal MCT, prevent the system from reaching the singularity. These hopping processes cut
off the r-divergence. The specified complications make it hazardous to apply the formula
1/t o« |T — T.|" to obtain a fit to data using boff) andy as free parameters. The parameters

T. andy of a fit attempt are strongly correlated and depend on the temperature interval chosen
forafit. The scaleis determined best by verifying the scaling equations (3), (8), as demonstrated
above in figures 7, 8, 17, 18, and by takindrom the required shifts parallel to the log@r

logw axis. But signal-versus-noise problems are not so severe fat-firecess as for the
B-dynamics. For example, from figure 10 one can deduce directly a characteristic timescale
7, Via ¢ (t,) = 0.5, and from susceptibility spectra in figure 18 one can read off the position
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Figure 19. Density correlatorg, for two wave-vectors measured by coherent neutron scattering
spectroscopy for OTP as functions of the reduced times /z,. The data refer to the temperatures

T = 313, 320, 330, 340, 360, 380, 400 K (from left to right). The scaling time is given by
7, = 1,(T) /7, (T = 290 K), wherer,, = n(T)/T is thea-scale of the shear viscosity The full

curves show Kohlrausch functions with stretching exponents 0.64 (upper curve) and 0.56 (lower
curve). Reproduced from reference [73].

wmax Of thea-peak; then one getso 7, or t o« 1/@wmax-

The a-peaks shown in the top panel of figure 9 lead to the timjes ¢, represented as
filled circles in figure 13; and the line through the data is the power law, equation (9), with the
exponenty = 2.9; this value corresponds to the result for the exponent parareted.81
of the preceding analysis of the spectral minimum [50]. Formula (9) describes the data for the
two-orders-of-magnitude shift of the peak which was observed in this experiment. The same
conclusion was arrived at for the analysis of the OTP results shown in figure 18 [63] as well
as for the scales of the-processes measured by light scattering for Salol [47] and PC [54].
The findings for Salol were corroborated by the analysis of time-resolved optical Kerr-effect
results: thex-scaling law was confirmed faf between 293 and 363 K and the scale followed
the power law, equation (9), witfi. andy consistent with the other cited findings [48]. As
discussed above for therelaxation scales, it is more practical to test the power-law behaviour
using a rectification diagram. The interpolation using a straight line ot thé€ -versus?
data set yields a further estimate Bf. For the cited examples [47, 50, 54, 63] the results
are consistent with the previously discussed findings for the crossover temperature obtained
from the g-relaxation scaling analysis. Similarly, tlwé{gx-versusT diagrams, deduced for
the dielectric-loss data for PC [55], corroborated the valueg ahd T, obtained by thes-
relaxation analysis of results for other probing variables [54,56]. The lowest panel of figure 12
demonstrates such an analysis of the CKN data fowtpeak frequencymax deduced from
dielectric-loss spectroscopy [37].

The dashed curve in figure 14 shows the powerdaw (¢. — )" with the valuey = 2.6
calculated for the HSS. It describes the variatiom offer more than three orders of magnitude
for o > —0.1 as observed for the-process of the density fluctuations for the hard-sphere
colloid [33]. For this system the critical point is determined so well that it is adequate to
present the data as a legversus-loge| diagram;le| o |o| o« (¢ — ¢)/@.. Such a diagram
is shown in figure 20, where recently measured relaxation times for a tagged-particle-density
correlator and for the diffusion constabtare also included [76]. The transport coefficiént
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Figure 20. Double-logarithmic plots of the diffusivity (squarea}yelaxation rates Ir of atagged-
particle-density correlator (circles), andrelaxation rates /A, for a density correlator (crosses)
versus(p. — ¢)/¢.. The data are determined from photon-correlation spectroscopy results for a
hard-sphere colloid. The straight lines interpolate the data sets with ajslep27. Reproduced

from reference [76].

is proportional to the time for the «-process of the mean squared displacement. The data in
figure 20 follow straight lines, thus confirming power-law variation. The slope is the exponent
y for which the predicted HSS value 2.6 is confirmed within a 5% uncertainty in all three
cases.

For the relaxation curves of the polysterene-micronetwork-sphere colloids, shown in
figure 10, an increase of the timescaldy about five orders of magnitude is observed. It
follows the power law with exponemt = 3.6, which corresponds to the exponent parameter
A = 0.88 deduced from the precedipgrelaxation scaling verification [51].

The analysis of the simulation results for the density fluctuations of water [43, 44],
mentioned above in connection with figure 8, identified the vadlue- 0.50 for the von
Schweidler exponent. From equation (9) one calculates an exppner.7 for the power-
law exponent for the asymptotic variation of the diffusivit®. o« (T — T;)”. This formula
is consistent with the simulation data and accounts for a variation of the diffusivity over three
orders of magnitude [44]. The simulation provided also dheelaxation timescales, for
the reorientational correlators for angular momentum indlex 1, ..., 5. The rectification
diagram confirmed the cited power-law behaviour with a valu&.ofonsistent with all of
the other estimates for the crossover temperature [46]. The data exhibit a trenyd fiar 1
be smaller than the power-law extrapolatior?if— 7, > 60 K. These deviations from the
asymptotic law are largest fag. Equation (9) was also tested and confirmed for the coherent
and incoherent density correlators obtained by molecular simulations for a LIM [28—-30] and
for the cited model for a molecular liquid [38—40]. However, for both systems the diffusivity
D did not exhibit the predicted behaviour. It was already mentioned that the reorientational
correlators for the linear molecules for angular momentum index 1 did not exhibit the
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a-scaling law and therefore it is not surprising that they did not follow the predicted power
law of thex-relaxation scale either.

5.3. Thex-scale coupling

Consider some variables, sayandB, coupling to density fluctuations, and let us denote their
a-relaxation times by, andrp respectively. If, e.g.4 is the shear stress amida fluctuating
force acting on a tagged particle;, = 7, andtz = 7, are timescales for the variation of
the viscosityy and diffusivity D respectively. The conventions for the definition of the scales
might be different from the one used above. But equations (8) imply the prediction of the
a-scale couplingry = Cat, 73 = Cpt Wherer is the second critical scale. The coefficients
C,, Cp are smooth functions of control parameters and thus they can be treated as constants
in a leading-order asymptotic expansion. Scale coupling is demonstrated in figure 20 [76].
It shows a comparison of three scales, namely the ones for coherent density fluctuations, for
tagged-particle-density fluctuations, and for diffusion in hard-sphere colloids: the measured
scales vary by about a factor of 1000, but the logarithm of their ratios, i.e. the distances between
the lines in the figure, are independent of the packing fragtion

The «a-scaling plot for the OTP neutron scattering data in figure 19 was obtained with
the x-scale for the viscosity [73]. Thus the figure demonstrates the coupling of the scale for
the measured density fluctuations with microscopic wavelengths to the timeséateshear
fluctuations with macroscopic wavelengths. The viscosity of OTP follows reasonably well the
power law (9) withy = 2.5 [4], and this agrees within the experimental uncertainties with
the exponeny = 2.8 derived from the scaling-law analysis of the depolarized light scattering
spectra [63]. The coupling of the-scale measured by depolarized light scattering for Salol
to the viscosity scale was demonstrated in reference [47]. The proof that the scale of the
two variables follows the lawT — T,)” with compatibleT, andy implies the proof of the
coupling. Thus the results discussed above for PC and CKN exemplify scale coupling and so
do the results cited in section 5.2 for the various molecular simulations.
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Figure 21. The rotational diffusivityDg (triangles) and translational diffusivityp versus the
reciprocal viscosity; in a double-logarithmic representation. The dots refer to self-diffusion, the
squares and crosses to the diffusivity of tracer molecules in OTP. The &lep& demonstrates
scale coupling ané # 1 decoupling. Reproduced from reference [77].

The coupling of scales is not trivial, contrary to what is sometimes suggested by appeal
to the Stokes—Einstein- or Stokes—Debye-relation formulae. TFer T, relaxation is due
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to thermally activated processes. There is no reason for the activation energy for diffusion,
relating to hops of a single particle over saddle points in the potential landscape, to be the same
as the one for the viscosity, which relates to the coherent motion of many particles. Coupling of
the scalesp andr, would mean that the lofp-versus-logl/») curve has a slopg = 1. But
figure 21 [77] shows that this slope is about 0.79 for low temperatures in OTP. Decr&asing
from 290 K to about 250 K implies a variation of /t, by about a factor of 100. The critical
temperaturef, for this system, established by the neutron and light scattering experiments
cited above, is 29& 10 K. Thus figure 21 demonstrates decoupling of scale® fer7,.. The
MCT prediction of scale coupling refers to the regife- 7., and indeed for the nearly three-
orders-of-magnitude scale variation fbr> T,, documented in figure 21, the scale coupling
& = lis confirmed. An addition to the preceding discussion might be in order. If the tagged
particle is chemically identical to the liquid particleB,is called the self-diffusion constant.
If it is different, e.g. some dye molecul®, is often referred to as the tracer diffusivity. Thus
the filled circles in figure 21 demonstrate scale coupling for the self-diffusiof fer7,, and
the open squares demonstrate scale decoupling for a tracer diffusivity foff.. The cited
scale coupling is derived in MCT under the assumption that the tagged-particle—host-particle
coupling is sufficiently strong. If this coupling decreases below a critical value, the possibility
of aglassfoll < T, containing non-localized tracer particles arises. This state is a model, for
example, for a conducting glass. For such small tracer—host couplings, the tracer diffusivity
D does not decrease to zero proportionally tg f 7 decreases toward3; hence for such a
case, scale coupling is not predicted.

The most sensitive test of scale coupling is a plot of the ratio of the two scgleg = C
as function of the control parameter. A plotgtp versusT for OTP data [78] corroborates
the findings demonstrated in figure 21. Exactly the same behaviour is exhibited(by/tt)-
and(r,/t.)-versus? plots of Salol, where. is thex-relaxation scale for the dielectric-loss
peak: the scales are coupled for> T, and they decouple for temperature beldw[79].
The scale coupling is a prediction valid for parameters so close to the transition singularity
that the non-linear mode-coupling effects dominate the dynamics. The asymptotic formulae
do not imply predictions fofl" far aboveT, or ¢ far belowg,.. Indeed, for the hard-sphere
colloids the ratioC = tp/t,, which should be constant if the Stokes—Einstein formula is to
be correct or if scale coupling is to be valid, decreases from 6 tapdintreases from zero
to 0.5 [80]. It would be interesting to know whether this ratidoecomes independent of
in the interval 05 < ¢ < ¢., where the other cited experiments for the hard-sphere colloids
show the dominance of mode-coupling effects.

The exponenb ~ 0.49 was estimated for the simulation data for a LIM by verification
of von Schweidler’s law; also the validity of the superposition principle was confirmed. From
this von Schweidler exponent one obtains the MCT predictior 2.6. Thea-relaxation
scales for density fluctuations are consistent with the predicted power law with the cited value
for y, as shown in figure 22. However, the scales for the diffusivities of the particles do not
lead to a straight line running parallel to the first one in this diagram [28]. A similar violation
of MCT «-scale asymptotics was reported for the simulation data for a molecular liquid [39].

Brillouin-scattering spectroscopy is a technique which explores the implications of
structural relaxation for hydrodynamic excitations. A Brillouin-scattering spectrum is deter-
mined by the longitudinal elastic moduli(w). The spectrum is dominated by the scattering
resonance whose positiasy and width are given by (wg). It is practically impossible to
determine from the data the frequency dependenadé(af) for a sufficiently large dynamical
window to allow one to examine the evolution of structural relaxation. To interpret the spectra,
one has to impose some model fdi(w) and then use fits to the data for the determination
of the model parameters. Traditionally, arprocess-only model has been studied: a white-
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Figure 22. Double-logarithmic representations of the inverse relaxation tinte¢dashed curves)
and diffusivity D (dotted curves) for A particles (circles) and B particles (squares) obtained by
molecular dynamics simulations for a LIM as functiong'of T,. The straight-line interpolations
represent power laws with exponents given by the slopes. Reproduced from reference [28].

noise background plus anprocess fit formula, obtained, e.g., from a Kohlrausch function

fx exp(—t/tx)Px. Repeatedly it has been reported as a result of such studieggheatd

¢ /T, InCrease with increasing temperature, i.e. results which suggest a violation of the time—
temperature superposition principle and of thecale coupling respectively. However, the
specified model ignores the possible existence of the Mddrocess. If forT ~ T, the
modulus were to exhibit the spectral enhancement betweeawn-fieak and the microscopic-
excitation band which was detected for all of the other measured functions cited in section 4,
the a-peak tail alone would underestima¥®’(wg) and incorrectly describe the temperature
dependence a¥ (wp). The fit would compensate for this defect by readjusfirgandrg /z,

and this by different amounts for different temperatufesrhis problem was recognized and
discussed in detail for CKN data in reference [14]. It was concluded that the fit parameters
Tk andpBg, which are based om-process-only models, are not generally meaningful. It was
shown, in addition, that the apparent temperature dependengg¢gfandgx was eliminated

for CKN after some estimate of the critical spectrum for the modulus was included in the
model for M (w). A similar result could be obtained by @ hocaddition of some spectral
bump to thex-peak ofM” (w), located in the GHz band and described, e.g., by an essentially
temperature-independent Debye peak. At present it is not possible to discriminate between
the indicated models for the data analysis. Consequently, the previously reported fit results
Bk, fx andtg for Brillouin-scattering spectra cannot be used for an assessment of MCT.

6. The evolution of structural relaxation

In aleading-order treatment of the MCT dynamics, using the separation paranastarsmall
quantity, the long-time limit of the first-scaling-law description of the correlators is identical
with the short-time limit of the second-scaling-law description. Therefore the two results
can be spliced together to provide a complete description of the structural relaxation near the
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glass transition singularity. The deviation from theelaxation scaling on the high-frequency
wing of the susceptibility peak, which is demonstrated by the right-hand panel of figure 18,
was explained by thg-relaxation scaling-law results in reference [63]. Similarly, the large
violations of the superposition principle for short rescaled times, which are demonstrated in
figure 17, were explained quantitatively in reference [27] usinggthelaxation formulae. The
violations of thep-scaling for small frequencies, which are obvious in the bottom panel of
figure 9, are explained by the theory for theprocess [50]. This subtle interplay ef and
B-dynamics is connected with the appearance of two critical timesgadeslz. Both diverge
within the ideal MCT upon cooling or compressing the system, but their ratio diverges as well:
t/t, — oo for o — 0—. This phenomenon is demonstrated by the data in the top panel of
figure 9. The frequencies for the spectral minima, and maximawmax decrease strongly

with cooling, but the ratiemax/wmin also decreases by about a factor of 5 iflecreases from
195°C to 140°C. The increase of /¢, can be inferred from the raw data in the time domain
only if the system is so close to the transition singularity that the plafgasiobvious. Then

the increase of, given byg¢, (v)/f; = 0.5, relative tor_ o #,, given by, (r-) = f;, can

be read off directly. The ratio/z, for the data in figure 10 varies by more than two orders

of magnitude [51]. The predicted two-step-relaxation scenario—the first step governed by
the dynamics on the scalg and the second step by the dynamics on the scalés tested

and confirmed by all of the studies quoted in the preceding two sections, where for a given
material a simultaneous consistent analysis ofahand g-relaxation with MCT formulae
proved possible. This conclusion can be corroborated by splicing together the resulig-of the
relaxation fit with the8-relaxation fit to a combined-g fit of the whole structural-relaxation
pattern.

Figure 23 [27] shows as full curves fgr < ¢, the results of a combination of- and
B-relaxation results for the HSS, where the predicted values for the exponent paramayeder
for the normalized theoretical master functidﬁf)/ch have been used as input. Analogous
figures for three additional wave-vectors are published in references [27, 33]. The amplitudes
I3+ hq entering the analysis had been found to agree with the predicted values as shown
in figure 3. The separation parameterentering the various scales, was found to vary as
o = C(p — ¢.) /9. With C ~ 1.2 being consistent with the predicted value for betk: ¢,
andg > ¢, [72]. The ratior/t, of the two critical timescales varies by more than a factor
of 20, as is demonstrated in figure 14. Besides the sgdt@ the transient motion, which
is a number determined by the viscosity of the solvent, there entered as a fit parameter only
the critical packing fractio.. The valuep. had to be adjusted here, as in any other test of
a singularity theory, to match to the experimental transition point (compare section 2.2). The
quoted results demonstrate that the description achieved for the evolution of glassy dynamics
extends over four to five decades in time, holds for a significant rangevafues, and holds
for a-relaxation times that vary over four orders of magnitude [81]. Therefore the cited results
imply that MCT provides a first-principles understanding of the HSS glass transition as far as
it manifests itself in the density-fluctuation dynamics.

Ever since Maxwell’'s invention of the theory of visco-elasticity, the behaviour of shear
has been of interest in the discussions of glassy dynamics. Also, for a hard-sphere-colloidal
suspension the dynamical shear moduhi®) was measured for large packing fractions using
a Cuette viscosimeter [82]. The data analysis is complicated by the fact that the microscopic-
excitation spectrum exhibits an'/2-anomaly. The data extend over a four-decade frequency
window, and they can be explained using the MCT scaling-law formulae for thesHB8cess.

It was emphasized that neither the evolution of the measured plateau of the reactivépprt
nor the minimum of the dissipative contributi@H (w) can be understood without the use of
MCT results [82].
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Figure 23. Density correlatorg, (1) for two wave-vectors; as functions of log,(t) measured

for various packing fractiong by photon-correlation spectroscopy for a colloidal suspension of
hard spheres with radiug. The main maximum of the structure factor for the packing fraction
at the freezing poing; = 0.494 is located ay R = 3.46. The dashed curve in the upper panel
is the exponential explg?D(q)t] with D(q) denoting the short-time diffusivity. The full curves
for ¢ < ¢, are fits using the combination of the leading-order asymptotic results far-thad

B-processes predicted by MCT for the HSS. The full curvegfer ¢, are fits by the MCT results
for the 8-process. Reproduced from reference [27].

A combined «—8 analysis for correlation functions of a colloid of polysterene-
micronetwork spheres has been presented in reference [61]. It accounted well for the evolution
of the structural relaxation for this system, which extended over an enormous dynamical
window of seven orders of magnitude. The system under discussion is a candidate for treatment

via a first-principles MCT calculation. However, it was shown that the structure fagtisr

rather different from that of a simple Lennard-Jones system. The variatidh dtie to
changes of the packing fractian does not follow the pattern familiar from the discussion

of the cage effect: with increasing the peak height can decrease [83]. It is not known
which interaction causes such behaviour. Therefore one cannot meaningfully extrapolate the
measured, over the wholey-range, a prerequisite for microscopical calculations of, e.g., the
exponent parameter.

For complicated systems like CKN and OTP, first-principles MCT results are not yet
available. Therefore a data analysis has to use the theoretically well defined parameters
A, C,T,, f§, ha, to as fit quantities, as was anticipated already in connection with the various

MCT interpretations reported above for these systems. Figure 24 represents a summary of an
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Figure 24. Double-logarithmic representations of the susceptibility spegti@) as functions

of the frequencyf = w/27 obtained by depolarized light scattering spectroscopy for OTP for
temperatured = 320, 340, 360, and 380 K. The full curves are combinations of fits with the MCT
formulae for theg-relaxation and a Kohlrausch-law fit for tkepeaks with stretching exponents
Bk shown in the inset. Reproduced from reference [63].

exhaustive analysis of the depolarized light scattering data for OTP [63]. For splicing together
the two scaling-law formulae, therelaxation master function was modelled by a Kohlrausch
law. It is characterized by the stretching exponggt The inset shows thex is constant
within the experimental uncertainties. The structural-relaxation spectra shown extend over
a window of three-orders-of-magnitude variation of frequepidyelow 0.1 THz. For larger
frequencies the dynamics is influenced by oscillatory motion, which is not treated by the
various asymptotic formulae. Frequencies below 0.1 GHz are not accessible with the tandem
Fabry—Frot spectrometer and therefore for temperatures below 320d figak maximum is
not visible any longer. The data for these lower temperatures have been analysed by using the
B-relaxation theory alone, albeit by the one of the extended MCT [63]. The numibaadT,
identified are consistent within the experimental uncertainties with the values used to describe
the results of the neutron scattering research, as can be inferred from reference [15] and the
papers quoted there. The exponenfor the a-relaxation timescale is known to describe
adequately the viscosity variation of OTP [4] and, because of the scale coupling demonstrated
in figure 21, it also agrees with the exponent used in describing the temperature variation of
the translational and rotational diffusion f6r> T..

There is also a test of MCT results based on depolarized light scattering spectra of OTP
that was carried out for a 9Gscattering geometry [84]. It was shown that the measured
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spectral minima can be interpreted with the MB¥relaxation formulae using values f@}

anda consistent with the ones known from the preceding neutron scattering studies. But two
objections against the applicability of the theory have been formulated. First, it is reported
that the Kohlrausch exponepk for thex-peak increases with temperature for> 7, such

that it is nearly unity forT > 320 K= T, + 30 K. It was argued that the MCT prediction for

T > T, of an essentially temperature-independent Kohlrausch expgrestin contradiction

to the experimental data’ [85]. However, the authors define thieak differently to how it

is done in MCT. Instead of using the measured peak directly, they first subtract a Debye peak
from their spectra. Moreover, the applied fit procedure is unstable and it can be used, with an
even better confidence level, also to derive a fit with a temperature-indepghdf3€]. The
second objection concerns the statement that the minima posiigaswhich are obtained

from an analysis of thg-scaling, differ from the minima obtained from a data interpolation by

an even polynomial i§ = log(w/wmin): x" (@) — xmin = A262 + A% + Ag£S. But the data

in reference [84] do not suggest the symmet(y) = y(—&), and the MCT result does not
exhibit this symmetry either, because- a. It does not seem a reasonable objection against a
theory if fits, which interpolate data by a formula which contradicts that theory, lead to some
inconsistencies.

7. Various further tests

7.1. Structure and structure relaxation

MCT was derived for strongly interacting amorphous matter. The input information needed
for the MCT equations of motion are equilibrium structure factors and these structure factors
are assumed to depend smoothly on the wave-vectors and on the control parameters. The cited
leading-order asymptotic formulae would not necessarily be correct if there were long-range-
order singularities for the wave-vector-dependent compressibility, as one would expect near
second-order phase transitions. If there were to be a singularity in some other susceptibility,
it would not be of concern for MCT as long as this singularity does not introduce divergences
in the mode-coupling integrals. Structure functions which enter MCT are taken from other
theories or from experiment. The cited results for the HSS, for example, are based on the
Verlet-Weiss theory fof,. The MCT calculations for the LIM in reference [31] are based
on structure factors obtained from molecular dynamics simulations for this system. Studies of
the structure factor of OTP showed ttgtvaries smoothly if the temperature varies between
T. — 30 K andT, + 30 K [15, 87]. Nor does the structure factor of CKN exhibit any anomaly
for T nearT, [88]. MCT does not address the question of why systems like OTP or CKN
can be kept in a supercooled state while other systems cannot. For both systems the basic
assumptions of MCT seem justified.

MCT has shown that the existence of throcess and its detailed properties foe T,
can be understood without considering the problem of supercooling. For the explanation of
the glassy dynamics of OTP in the GHz window, for example, it is irrelevant that the true
equilibrium state for temperatures below the melting temperafyre=- 329 K is a crystal.
The experiments, which are documented in figures 18, 19, 24, show thatpghecess is
described by the same master function and that the relaxationzsflews the same power
law for temperatures increasing from bel@yy to 50 K aboveT,,. Similarly, thex-process of
PC was shown by dielectric-loss spectroscopy to follow the MCT prediction for temperatures
up to7,, + 30 K [55] and by light scattering up tf, + 130 K [54].

In order to keep a dense hard-sphere colloid in an amorphous state it is necessary to
allow for a certain percentage of polydispersity; otherwise the system forms a cubic crystal
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for ¢ > ¢y = 0.494. The Percus—Yevick theory yields a structure fastowhich varies
smoothly with P, and therefore the MCT results, which are based onShisre also robust
with respect to changes of the polydispersity. In particular one can use the theoretical results
for the monodisperse system to describe the polydisperse sample within the experimental
uncertainties, provided tha® is not too large. These conclusions are supported by the
observation that structural-relaxation properties, as opposed to nucleation phenomena, are
insensitive with respect to changesP{89].

A result of particular importance for the physical interpretation of MCT is the following.
The correlators outside the transient can be writtef) &9 = F, (¢/1), where the functions;,
are determined completely by the equilibrium structure. The transient dynamics, in particular
all details of the underlying microscopical equations of motion, enter via a single timesgcale
only, which depends smoothly on control parameters. Molecular dynamics simulations are the
propertechnique to test this general prediction. A possibility is the comparison of data, say fora
binary mixture, where for fixed interaction potential the mass ratio of the particles is varied [90].
The details of the normal-liquid dynamics depend on the mass ratio but structural relaxation
should not, except for a changergf This is due to the fact that the structure factors of classical
liquids are independent of the particle masses; they are determined solely by Meyer factors,
i.e. by the ratios of potential and thermal energies. Another possibility for a test is making
a comparison of a system obeying Newtonian dynamics with one obeying some stochastic
dynamics as was done in reference [91]. Structural relaxation was observed for windows of
two to three decades. In contrast to the MCT prediction it was concluded that the Kohlrausch
exponents for the.-process description differ significantly for the two models and that the
structural-relaxation dynamics depends qualitatively on the nature of the underlying equations
of motion considered. However, it is not evident that the cited conclusions are justified by
the simulation results published in reference [91]. Wapeaks of the susceptibility spectra
for density fluctuations studied for a wave-vector near the position of the structure factor
peak agree for a two-decade dynamical window; in particular theatypeak spectra have
the same upper 45%. From this fact one can only conclude that a description by Kohlrausch
laws leads to identical stretching exponegiswithin the uncertainty of the data. Similarly,
the correlator decays of the two models are 70% identical and this for long times. For the
Newtonian dynamics the initial part and the crossover to the structural relaxation shows the
same qualitative behaviour as is exhibited by numerical solutions of MCT models. This leads
to a bump of the susceptibility spectrum which would cover a possible anomalous spectral
minimum, quite similar to the oscillation bump near 400 GHz which masks the critical OTP
spectrum for 320 K in figure 24. The solutions of the Brownian-dynamics model, on the other
hand, exhibit a stretched decay from 90% to 70%, which yields for the spectrum the crossover
from thea-peak to a minimum. The minimum spectral intensity is strongly enhanced above
any estimate for a regular white-noise-background spectrum. This finding is the signature of
the underlying critical decay. Therefore | conclude that the results of reference [91] support
the cited MCT prediction. A discussion of structure relaxation has appeared recently for the
LJIM, comparing a Newtonian and a stochastic motion model for the equations of motion. The
a-scaling plot followed the pattern predicted by MCT; the master functions for the two models
are identical and so are the scaling times for sufficiently siallT, [36]. Figure 4 shows the
comparison of the critical glass form factors obtained for the two models (filled versus open
symbols). Thus the formulg, (r) = F,(t/t) has been confirmed completely as far asdhe
processis concerned. Furthermore, it was shown for the stochastic dynamics model that for the
lowest accessible temperature the correlator approaches and leaves the fflatepredicted
by the 8-relaxation master functiog (7 ) for this system, while for the Newtonian-dynamics
model the correlators far= ¢/, < 1 are dominated by oscillations.
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A facet of the problems discussed in the preceding paragraph is the following. Let us
consider models which all have the same interaction. Suppose in addition that there is a
minimal separation parametek, so that data need to be considered onlysfot —omin. In
a simulation studygm,in might be determined by the lowest temperature atfvier which
equilibration of the system can be achieved. Then one can choose the microscopical equations
of motion such that the transient dynamics masks the critical decay. It is a typical result of
MCT solutions that for a certaisiy,in no critical decay is detectable in tige (r)-versus-log
curves, even though theprocess exhibits the-scaling law, the von Schweidler decay, and
the power-law variation of the-relaxation scale with the proper exponent. Thus, the
impossibility of identifying the 1z“ law in the published simulation results for a LIM [28—-30]
or for water [43—-45] is not an objection against the applicability of MCT. However, the result
described is not universal, and for the experiments discussed in sections 3 and # tlaev1
manifests itself for @am,n which is comparable with the ones studied in the cited simulations.
Obviously, it is desirable to invent models for simulation studies which exhibit a critical decay
as strongly as is found in several laboratory studies. The simulation results for a system of
linear molecules [39] differ from the ones for the LIM or water in the sense that a stretched
decay towards the plateatf is visible. This is demonstrated in figure 7 for the rescaled
timer/t varying between 10" and 10°2. Indeed, it was shown for translational and rotational
correlators for the lowest temperature studied that the decay towards the platealbeneath

it can be described by equations:}4(5¢), where thes-correlatorg_(f) was evaluated for
the exponent parametgr= 0.76. Therefore for this model a test of the MCT predictions for
the dynamics within the first-scaling-law regime might be possible.

7.2. Empirical fit formulae

There is along tradition of fitting structural-relaxation data with empirical formulae. Suchwork
implies a challenge for MCT in the sense that the range of validity for the fits and the variation of
the fit parameters with, e.g., temperature changes should be explained. Three examples will be
considered. First, let us discuss fitsgaf )-versus-log curves with Kohlrausch functions. If

the control parameters are sufficiently far from the critical ones, the curves outside the transient
regime exhibit a single inflection point only. This is the case for the data sets in figure 17 for
¢ < 0.535 and for the ones in figure 19 f@r > 340 K. In such cases one cannot decide
without additional information which part of the curve should be considered aspinecess.

A free fit using a Kohlrausch law is likely to include a larger dynamical window than a fit
carried out with the constraints provided by MCT. In particular, a free fit for the cited data
sets will not lead to the master functions shown as curves in figures 17 and 19. For example,
it was shown that such a free fit can account for a set of correlators of hard-sphere colloids
as well as a combineg—3-relaxation fit with MCT formulae [92]. Similarly, an unbiased fit

with Kohlrausch functions is of comparable quality for the description of solvation dynamics
observations to the results of a MCT analysis [56]. These two examples show in particular that
a successful fit with stretched exponentifisexp—(¢/tx)?* is not necessarily a contradiction

to MCT. MCT explains the success of the fit and the observed incregiewith decreasing

@ or increasingl respectively by the fact that parts of the crossover fromothdecay for

¢,(t) < f; tothe critical decay fog, (1) > f; are included in the analysis. In addition,
MCT explains the paradox that a free fit of the correspondirmpak for the susceptibility
spectrum leads to a decrease of the stretching expgiewith increasingl’. The inclusion

of the g-relaxation widens the-peak, and this implies a decreasesgf for the unbiased fit.

But MCT predicts also that for parameters closer to the critical pointtag-versus-log

curve should exhibit a second inflection point outside the transient regime, as shown for the
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data in figure 17 fop = 0.567 and 0.574 and for the ones in figure 19%ox 330 K. These
curves cannot be described by a Kohlrausch function and they demonstrate the inferiority of
the empirical fit in relation to the one based on theory.

The empirical fit discussed in the preceding paragraph describes the susceptibility
minimum as a crossover from the high-frequengpeak tail, x”(w) « 1/0f*, to some
regular-background spectrum. MCT predicts that for parameters sufficiently close to the glass
transition singularity such a description should underestimate the minimum intensity seriously
because there is an enhanced background due to the critical spectrum. Indeed, the failure of the
empirical approach in such cases, caused by ignoring the critical spectrum, was demonstrated
for CKN light scattering spectra for 120 and 18Din reference [93] and for the dielectric-loss
spectra of glycerol in reference [75].

A second example of aad hocdata-fitting procedure also concerns the minima of the
susceptibility spectra between thepeak and the microscopic-excitation spectrum. Suppose
that the high-frequenay-peak tail can be described by von Schweidler’s lafi{w) = c¢1/?,
1> b > 0. Let us assume also that the lp¢versus-logo graph in the frequency region
relating to the low-frequency wing of the microscopic peak can be approximated by a straight
line of some slopawsr > O, i.e. by an effective-power-law spectrugd (w) = cow®.

The crossover from one spectrum to the other produces a minimum at some freggncy
with a certain intensityymin. A reasonable approximation for this minimum is given by the
interpolation formula

Xi/r/n(w) = Xi,(w) + Xé,(a)) = Xmin[b(w/@min)™" + def (wmin/w)b]/(aeff +Db).

It obeys theB-relaxation scaling law, equation K} if one assumes that the exponehts

and aef are temperature independent. MCT shows the approximate validity of all of the
assumptions made above and thus of the fit formyflaw). In addition MCT implies the
following result: in the asymptotic limit, where the minimum is so far separated from the
microscopic-excitation band that there are no spectral tails due to the transient present any
longer, the background spectrum is the critical one. The latter is specified by an exponent
aeff = a < amax ~ 0.395, which can be determined frabn Depolarized Raman-scattering
spectra for a window between 40 and about 400 GHz have been analysed for several systems
with the cited interpolation formula [94]. For OTP a fit valag: > amax Was found. It was
claimed that this finding proves MCT to be not correct quantitatively [94]. However, it is
known that OTP exhibits a bump in the spectral dengityw) due to oscillatory motion, often
referred to as a boson peak, which influences the spectra down to 200 GHz as demonstrated
in figure 24. This spectrum can increagg abovea. The asymptotic MCT results for the

first- and second-scaling-law regimes relate to structural relaxation only. Those parts of the
spectra, like the boson peak contribution, which are modified by oscillation dynamics, must
not be included in the windows for the fits with asymptotic results. Indeed, the successful
MCT analysis of the OTP spectra in reference [63] shows that the cited critique of MCT is
unjustified. The fitting of glycerol spectra ky/, (w) in reference [94] led to the conclusion

that strong deviations from the MCT predictions have been found for this system. Depolarized
light scattering spectra of glycerol have also been obtained by application of a tandem Fabry—
Perot spectrometer [74], and the window studied in this paper is two orders of magnitude larger
than the one studied in reference [94]. In this work it is concluded that the data are consistent
with MCT, but that the critical spectrum for those temperatures where a spectral minimum
can be detected is masked by the transient spectrum. The conclusions of reference [94] have
been invalidated and the interpretation of reference [74] was corroborated by showing that the
solutions of a MCT model can describe the evolution of the structural relaxation of glycerol
for frequencies between 0.4 GHz and 1 THz [95].
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The third example of an empirical fit is obtained by considering stretched-relaxation
spectra in a one-decade frequency window adjacent to the microscopic-excitation band, say
the toluene results shown in figure 16 between 40 and 400 GHz. An interpolation of the results
with a straight line is possible, i.e. the data can be fitted with a powerndlaw) o ™.

The fit exponent(T) increases with decreasing temperature. Such a fit result must not

be considered as an objection against the MCT prediction for a critical spectrum, specified
by a temperature-independent exponert amax. On the contrary, even the leading-order
asymptotic formula for thg-relaxation, whose application for a description of the data in
figure 16 was demonstrated in reference [58], describes the experiments. The first scaling
law implies that the coefficient(T'), defined for a fixed frequency interval, increases with
decreasing” — T.. For positiveT — T, one getsi(T) < a, for T = T, one findsa(T,) = a,

and forT falling belowT, the effective exponent increases towards unity. This holds, provided

that there are no disturbances by the transient spectra. If these are present, as discussed in the
preceding paragraph for glycerel(7) may even rise above 1.

7.3. TheT < T, problems

The most subtle results reviewed in this paper for conventional systems concern the evolution
of the a-process within the GHz window and its interplay with tBgprocess as observed

for T > T.. The characteristic temperatuf® was obtained by scaling-law analysis of
spectra measured f@r > 7. and in addition by detecting the Debye—Waller-factor anomaly
for T < T.. The solutions of schematic MCT models can also be used to describe the
evolution of the depolarized light scattering spectra of CKN [96], Salol [96], and OTP [97].
These descriptions imply a complete fit of tlageak, of thes-spectrum, and of parts of the
microscopic-excitation band.

The status of the tests of spectra o T, is not clear at present mainly for two reasons.
These spectra are modified seriously by activated transport processes which are ignored in
the basic version of MCT; the activated processes are included approximately in the more
complicated extended MCT only. The first problem is that a microscopical quantification of
these activated processes and an evaluation of their effect on the solutions of the extended
equations of motion is not available. The only result known so far is that for sufficiently small
hopping effects equations (4) remain valid with theorrelator generalized to a two-parameter
scaling law. The activated processes enter as a single parametah is called the hopping
parameter. At present one can only try fits of data usiag an adjustable number. The glassy
dynamics has been analysed within thez 0 B-relaxation theory for the depolarized light
scattering spectra of CKN and Salol [68], PC [54], and OTP [63], as well as for Monte Carlo
simulation results for a polymer model [35]. The position and the shape of the susceptibility
minimum is influenced sensitively fa@t < T, by §. Therefore a fit o6 should be made to this
clearly distinguishable dynamical feature and a fit should be judged by the quality of such a
study. This leads to the second problem: so far it has not been possible to measure the spectral
minima forT < T.. This renders the cited estimatedhot compelling, as was emphasized
in reference [68].

The absence of a reliable determinationsdias implications for a reliable description
of other features of th& < T, spectra, for example the so-called susceptibility knee. This
feature is present in the master spectrignio) of the g-process in the ideal MCT for the
following reason. The correlat@s (7 ) in equation () describes the crossover from critical
decay for7 « 1 to arrest forf > 1, as was discussed above for the hard-sphere-colloid
results in connection with the lower panel of figure 5. This crossover leads to a corresponding
one at some knee frequeney o 1/t, for the spectrum from the regular variation for low
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frequenciesy+ (@ <« 1) x @, to the critical variation for high frequencieg, (® > 1) o« &“.

If § is sufficiently small, the ideal spectrum will not be disturbed too much and the knee
should be present. However Jiis so large that the-decay of the correlator starts for a time
smaller thary,, the spectral knee will be absent. The depolarized light scattering spectra of
Salol [47] and PC [54] did not exhibit a knee in the GHz window, and therefore the cited

8 # 0 fits had to use a sulfficiently large hopping parameter. The OTP spectra, measured
in a backward-scattering configuration [63], did not exhibit a knee either. But OTP spectra,
measured in a 98scattering arrangement, did exhibit a knee-like structure and it was reported
to be consistent with the MCT predictions [84]. However, fot-80attering experiments there
appear transverse sound excitations in the spectral range of interest, and it is unclear how these
modify the relaxation spectra to be analysed. The data for CKN were initially found to exhibit
aknee [50]. Butitwas argued [98] that the depolarized light scattering spectra published so far,
obtained by the tandem Fabnryei®t spectrometer for the lowest frequencies and intensities,
are invalidated by some parasitic white-noise-background spectrum. Therefore the spectra for
T < T, have to be remeasured and reanalysed before a conclusion on the staa9dits

can be drawn. For this reasdh, < T, scaling-law fit results for scattering spectra have not
been reviewed in section 4.

7.4. Associated and covalently bonded liquids

In adense simple liquid a particle is located in a cage formed by its 11 to 13 nearest neighbours.
MCT aims at a self-consistent treatment of the dynamics for the particle and its cage. Therefore
one might hesitate to apply the theory in a discussion of network-forming liquids which have a
much lower coordination number and where the significance of the cage effectis not so obvious.
However, the general MCT results are universal and they reflect only a topologically stable
singularity in the space of constants describing the coupling of density fluctuations. Therefore
itis notimpossible that the universal results are relevant also for the glassy dynamics of complex
liquids, and it makes sense to examine whether or not the data for correlation functions and
spectra show the typical MCT features. Indeed, as mentioned above, the simulation data for a
simple point-charge model of water reproduce the open network structure of this liquid, and
the data for the dynamics can be interpreted consistently within the MCT scenario; the critical
temperaturd,. can be identified reasonably well [41,43-46]. A semi-schematic model for the
description of molecular liquids has been introduced, which treats water as a simple liquid and
accounts for the ignored rotational degrees of freedom by renormalizing the mode-coupling
constants with a factor. The latter is fitted such that the critical temperature is reproduced. This
model predicts the critical exponents correctly and describes the wave-vector dependence of
thea-process for the centre-of-mass correlators reasonably well [99]. The simulation work as
well as the analysis of Raman-scattering experiments [42] show that in the currently-accessible
temperature range the critical decay law of water is masked by oscillation dynamics. Therefore
a test of the first-scaling-law predictions is not yet possible. Also, for the other hydrogen-
bonded liquid studied so far, glycerol, the low-frequency spectra due to oscillation dynamics
interfere strongly with the relaxation spectra. But the light scattering spectra exhibit a critical
decay lawp” (w) o 1/w'™%, a ~ 0.3, which forT ~ 230 K extends over the window between
1 and 100 GHz [74]. The neutron scattering work corroborates this finding [100]. A fit of the
data with MCT results is possible, but did not lead to a compelling estimate[66].

The interactions in amulticomponent Zr-based metallic alloy, whose dynamics was studied
by incoherent neutron spectroscopy, are partly of covalent nature. The corre|gtorsave
been studied for times between about 0.2 ps and 8 ps, and this for the wave-vectors 1.4, 1.6,
1.8, and 2.0 A*. The data for temperatures between 1020 and 1200 K could be described with
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high accuracy by thg-relaxation scaling law, equationsa¥} (5a), yieldingA = 0.774 0.04

and7, = 875+ 6 K [101]. Another system for which covalent bonding is important is
NosLiosP0s. Theincoherent neutron scattering cross section obeyed the factorization property
for the whole dynamical window studied [102]. It was shown that the spectra between 30 GHz
and 1 THz and temperatures between 539 K and 773 K can be described well by the solutions
of a schematic MCT model [103].

B,0s3 is an extensively studied glass-forming system with a network structure due to
covalent bonding. Density correlatapg(s) for a fixed wave-vector were measured by photon-
correlation spectroscopy for temperatures between 506 and 543 K [104]. The data for a seven-
decade dynamical window could be described by the M@€laxation results. They describe
the temperature-independent critical decay, which was detected over a two-decade window.
Also the initial part of thev-process, which exhibits the von Schweidler law over a two-decade
window, is evident in the data. These results indicate a critical temperature below 506 K,
i.e. belowT, ~ 523 K. Unfortunately, it was not reported whether the scales frelaxation
scaling-law analysis follow the power-law predictions. Depolarized light scattering spectra
have been analysed for8; for frequencies above about 0.4 GHz. The band of microscopic
excitations influences the spectra down to rather low frequencies. The susceptibility minimum
was described by the interpolation formuydg, () from section 7.2 [105]. The non-ergodicity
parameters deduced from light scattering data [105] or from neutron scattering spectra [106]
exhibit an anomaly which suggests a washed-out crossover at some critical temp&rature
between 700 K and 900 K. This value is not consistent with the cited photon-correlation data,
and therefore it is unclear whether MCT can be applied to interpret the data@r B

8. Concluding remarks

The anomalous dynamics of glass-forming liquids has been studied for more than a century
for timescales larger than a nanosecond, i.e. for times exceeding the ones characteristic for
conventional condensed-matter dynamics by at least a factor of 100. However, an under-
standing of glassy dynamics did not result from that work. Therefore it appears obvious
to search for insight into the problem by analysing how the glassy dynamics evolves from
the normal-state-liquid dynamics upon cooling or compressing the system. An additional
motivation for such research was provided by the mode-coupling theory (MCT) for the
evolution of structural relaxation in simple liquids. The specified studies by experiment and by
molecular dynamics simulations require the determination of correlation functions or spectra
within dynamical windows which extend those of conventional condensed-matter physics by
several orders of magnitude, and this became feasible only during the past decade. Indeed, this
modern work uncovered a whole series of previously unexpected features of glassy dynamics.
This article reviews the parts of these new findings which were published during the past seven
years and which were used by the authors for an assessment of the MCT. In the cited papers
one can find more than 300 diagrams confronting data with some MCT prediction. From this
stock of information 24 figures have been reproduced in order to illustrate various facets of
the problem and to show representative examples for the many other comparisons between
experimental results and simulation data with MCT mentioned in this review. This procedure
should give a suitable impression of the present status of the discussion and stimulate the reader
to study the original publications.

The work reviewed in the preceding sections has shown that the universal leading-order
asymptotic MCT results provide a complete semi-quantitative description of the evolution of
structural relaxation within the GHz band for some extensively studied typical glass-forming
systems like the mixed salt CKN [1-3,14,16-18, 37,50,67-69, 93, 96] and the van der Waals
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liquid OTP [4, 5, 15, 60-63, 73, 77, 84,86, 97]. The structure relates to the distribution of
the particles in space, and neutron scattering is the only technique which can measure this
distribution for short and intermediate distances as well as its changes with increasing time.
Therefore neutron scattering spectroscopy plays a distinguished role in the unfolding of the
story of structural relaxation in the above-mentioned systems. But only the combination with
the other experimental techniques mentioned in this article has been able to compensate for
the shortcoming of neutron scattering spectroscopy, namely small dynamical windows. The
crucial role of the crossover temperat@énas been established for several systems, but further
work is necessary to specify the limits of MCT as regards a description of the dynamics for
temperatures belo®.. If it were to be possible to extend the accessible dynamical windows,
one could also test MCT predictions which go beyond leading-order asymptotic results.

The microscopical understanding of normal-liquid dynamics owes much to the achieve-
ments of computer simulation studies, and this review makes it evident that this technique
also provided essential information on the glassy dynamics.coFpecess for temperatures
aboveT, has been analysed for several systems and many probing variables. The factorization
property in the8-regime was demonstrated for several models and correlation functions. The
cited comparisons of simulation results for a Lennard-Jones mixture with first-principles MCT
calculation results provide strong support for the theory. Motivation for further studies of the
range of validity of asymptotic MCT formulae and for extensions of the theory to systems of
non-spherical molecules was provided by the discovery that the simulation results for water
exhibit«-scale coupling for all correlations analysed, while the ones for the cited mixture and
for a model of linear molecules do not. The analysis of simulation data and of experiments
within the concepts provided by MCT identified a challenging problem for future simulation
work: what models exhibit the critical decay as clearly as one knows it to be exhibited by several
conventional systems? One might suspect that the crucial aspect of the problem is the interplay
of the transient dynamics with structural relaxation, and more data on this phenomenon would
guide MCT studies towards a solution.

The hard-sphere system has regularly been used as a paradigm for a simple liquid, and
the experiments on hard-sphere colloids show that it can also serve as the simplest example
of a system exhibiting glassy dynamics. For this system the ideal glass transition in the
sense of MCT appears to be identical with the calorimetric glass transition,¢,. Hence
the experimental and theoretical studies of the colloid are also relevant for establishing an
understanding of the conventional glass transition. The cited work [10,27,32,33,72,76,81,82,
89] suggests that MCT explains the evolution of structural relaxation qualitatively correctly
for packing fractionsp below and above the critical valug., and that it provides a first-
principles description of the data on a 15% accuracy level. There are some open questions
whose answers would deepen our understanding of the glass transition problem and sharpen
the assessment of MCT. First, it is unclear how hydrodynamic interactions, which enter the
MCT results on structural relaxation via the timesaalenly, influence the crossover from the
transient dynamics to the glassy dynamics. Molecular dynamics studies for the hard-sphere
system without hydrodynamic interactions could be very informative in this context. Second,
as a step towards a quantitative understanding of the influence of polydispersity on glassy
dynamics, it would be helpful to analyse a binary mixture of spheres of different diameters.
As a result, one could obtain data to use in testing how MCT can deal with those correlations
which are different from the ones for the total-density fluctuations studied so far. The third
problem is a special limiting case of the mixture problem. MCT predicts that the mean squared
displacement dynamics of the hard-sphere system is different from the dynamics studied so
far for other variables in the sense that leading-orgleelaxation results do not describe
quantitatively the solutions of the full MCT equations in the parameter range of interest. Thus
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a quantitative analysis of the mean squared displacement results would provide a new type of
test of MCT.

MCT was constructed as a microscopical approach towards the dynamics of liquids. The
cited comparisons of data for form factors and for exponent parameters with first-principles
calculations done for the hard-sphere system and for the binary Lennard-Jones system show
that this claim has some justification. There are a number of other systems for which detailed
calculations and comparisons with data appear possible, for example charge-stabilized colloids.
However, it is unclear whether first-principles calculations are feasible for the complicated
conventional glass-forming liquids like CKN and OTP. Therefore it is of importance that MCT
provides some general results for the evolution of glassy dynamics. These are based on leading-
order asymptotic expansions near the glass transition singularity. They explain some general
features shared e.g. by the molten salt CKN and a hard-sphere-colloidal suspension, and they
justify the characterization of the anomalous dynamics studied by the same phrase ‘structural
relaxation’. But one faces a severe problem with the applicability of the above-mentioned
general asymptotic results: there is agriori quantitative specification of their range of
validity. Within the ideal MCT the range of validity of the general formulae discussed on
the preceding pages can be determined and the qualitative trends of the deviations from these
leading-order results can be specified by calculating the leading corrections to the leading-order
asymptotic results. This programme has been carried out recently for simple systems, and the
results have been discussed in detail for the hard-sphere model [107, 108]. There are some
general findings. The range of validity of thescaling law is bigger than that of thiescaling
law since corrections to the former are proportiona¢ te- (T — T,)/T. while those to the
latter are proportional tq/|e|. The dynamical window for thg-scaling law is larger in the
logr than in the logo domain. There are relations between the corrections for small rescaled
times? = t/t, and the ones for largg etc. Future work will show whether these findings
are helpful for tests of MCT. The range of validity of some asymptotic law depends not only
on the law considered but also on the variablerhose correlator or spectrum is studied. For
example, for a wave-vector near the structure factor peak position, the range of validity of the
t~*-law for the decay towards the plateau is much smaller than that for a wave-vector near
the first minimum of the structure factor. Von Schweidler’s law describes a reasonable part of
thea-process of the mean squared displacement, while the critical decay law is not detectable
for this quantity within the range of parameters of interest in present simulation studies. The
corrections to the asymptotic laws for the non-Gaussian parameter are so big that the two-step-
relaxation scenario does not show up in the numerical solutions for reasonable vadye3of
decide on the quantitative implications of the corrections, one has to evaluate d sgieific
correction amplitudes in addition to two constaftandyn. The latter are the analogues of
A and they fix the master functions determining the corrections to the leading-order results.
But the evaluation of these constants and amplitudes requires the knowledge of the mode-
coupling functional for the system under discussion, and such knowledge is not available for
complicated systems. In addition to the above-described problems, there are the problems
of the crossover from the transient to structural relaxation and the crossover from the cage-
effect-dominated dynamics to activated transport. These crossovers imply deviations from the
formulae discussed in this review, which are not sufficiently well understood. Because of the
problems indicated, it would be premature to formulate a conclusion as to whether, e.g., the
discrepancies between the valueggfreported by different authors for PC, or the deviations
of the spectra in thg-relaxation window, found by dielectric-loss spectroscopy and light
scattering, are due to failures of MCT or due to the corrections to leading-order results.

| hope that this review shows that the recent studies of an ancient problem of condensed-
matter physics by experiment, simulation, and theory have been worthwhile, and that extensions



Recent tests of the mode-coupling theory for glassy dynamics A43

and improvements to these studies are rewarding.
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